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Ou

o + arA%u — kAf(u) + Bu=0, >0
Models long-ranged interactions

Based on the free energy :

Vg = /Q((;Wu\z + F(u) + /Q u(y)k(x,y)u(x) dy) dx

g
k = —
Evolution equation :
Ou
E = HA@M\I/Q

A(—k(x,y)) = di(x —y)



Bt A= Af() =0, >0
Oou O0Au
9 honT
ov ov Oon
ul—o = uo
No mass ConserVation .
d{u
< ) ) =

()= Vol fQ dx or Vol(Q)< 1> 1(Q),H' ()
Thus :

(u(r)) = ™7 (ug), 1> 0

— Conservation of mass only when (up) = 0



Note that

[(u(2))] < [{uo)], =0
lim (u(z)) =0 (B8 > 0 fixed)

t—+00

615{)1+<u(t)> =<up > (t> 0 fixed)

Simplest equation for which we do not have the conservation of mass

Already brings several difficulties



Cubic nonlinear term :
f(s) = s* — s (can be generalized)
Assume that |(up)| <M, M >0

A priori :

A priori estimates :

Equivalent equation :



Weak formulation :

(—A) (,7; +B(—A) i — Au+F) =0
Multiply by u :
1d
§E|WHZ—1 + Blall2y + [ Vull® + ((f(w), ) =0

Holder’s inequality :
304
(@) ) = Ml o0y — €

1
) [ )] < oy + e

Thus :

d, _
SR+ [Vul + ulis ) < en



Finally :

[l -1 < e[ Vul],

Thus :

d, _ _ 1
E””H%I + a2, + EHVMHZ + H”Hizt(g) <cy, ¢>0

All constants are independent of (3

Note that :
d{u)? d(u) 2
= — =2 <
S5 =20 = 25 <0
Thus :
d

Sy + @) + e(lal2y + w)?) + *IIWHZ+ el 7y < g € >0



— Dissipative estimate on [|@]|% | + (u)? :

[@(n) |2y + (u(0))* < e (liol|%y + {uo)?) +¢' ¢ >0

Bounded absorbing set in H~'(2) : VR > 0, [|uo||z-1(0) < R,
Jtp = to(R) > 0 such that ¢ > #, implies

[u(@)l-1(0) < ¢

Furthermore :
t+r
/ |Vul>ds < ¢, t > 19, r>0
t
t+r
/ ||u HL4 a’s<c,,t>to,r>0
t
Multiply by —Au (f' > —1):

d, _
I + 11 Au)? < 2] Vul?



Note that

P < 2(1fal* + ()?) < (| Vul® + M),
Thus :

lu(@)]| < ¢, t>n(> 1)
t+r

[ haias< e i
t

— Existence of a bounded absorbing set in L%(Q)



Multiply by % :

SO+ IValP 42 [ F) ) + 2157+ 2%61@) ) () =0

F(s) = /0 () de

Young’s inequality :

|sz1(Q)<f(u)><g”t‘>| < cﬂM(/Q utdx + 1)

Thus :

d onu
4 Bl + 1Vul? + 2 / Flu) do) + | 2P, < eBM( / o d 4 1)
dt Q ot Q



Uniform Gronwall’s lemma :

(@)l < ¢ t>10(>1)
— Existence of a bounded absorbing set in H!(2)
Upper bounds : depends en 8 (depends continuously on ()

We can obtain more regularity



The dissipative semigroup :

Existence : follows from the a priori estimates
Uniqueness :

Let u1, up be two solutions with initial data u; o, u2 o

Setu =u; —ur, ug = urpo — U2 :

0
8—": 4 Bu+ A% — Alf(ur) — f(uz)) = 0
ou OAu
5 =5, = OonlI
uli—o = up

Equivalent formulation :

% + B+ Alu = Af () — f(uz)) = 0



Multiply by (—A)~'a:

d
5 g E s+ BlIEIZy + [ Vull® + (1) = f(w2), 7)) = 0

Note that
() =), ) = =[P = ) [ ()
ull* < 2([[a]* + (w)?) < el -1 | Vull + (u)?)
< ANVull® + e(|[al* | + ()?), vy >0
Thus :

/(ful Flun)) dx| < el (u |/!M1|2+\M2|2 1) u] dx
< c(llulP + (ln [ gy + N2l + D))

1 _
< 2 IVull® + el 730y + luallza) + D@ + ()?)



Thus :

d . _ _
S+ V0l < el + s gy + DR, + @)

Note that d<d”t>2 <0:

d,._ _
SR+ @)%) + 1Vl < elln 130y + leallzs o) + DUEIZ) + (0)%)

Gronwall’s lemma :

()l -1 () < celluoll 1)

The constants are independent of 5

— Continuous dependence and uniqueness



We can define the continuous semigroups :

Sp(t) : L2() — LX(Q), up — u(t), t>0, >0
Sp(f) : L*H(Q) — H'(Q), t >0
Set :

Dy = {v e L*(Q), || <M}, M>0

Sﬁ(l‘) Oy = Oy, >0

Theorem : The semigroup Ss(¢) possesses the finite-dimensional (for the
H~'(Q)-topology) global attractor A’g’ on the phase space ®;, which is
compact in L?(€2) and bounded in H'(2).



Finite fractal dimensionality :

Multiply
Oou )
e + pu+ A u— A(f(uy) — f(u2)) =0
by tu :
d 2 2 2
2 ull?) < llull”™ + et Vu]
Thus :

141 [
P < A [l s, 1> 0



Furthermore :
! ’
/0 |Vl ds < ce"'||u0||12q_1(m
el < e(|Vul]* + (u)?)
(u)? < {uo)?
Thus :

141
(I < e~ o -1 g

All constants are independent of 5



Remarks :

a) The bounds on, as well as the upper bound on the fractal dimension of, A’g’
are independent of 3, 5 < By

b) We can extend the semigroups to

By ={ve H'(Q), || <M}, M>0

Note that

Sﬁ(l‘)ﬁi)M%(I)M, t>0



Definition : A compact set M C E is an exponential attractor for the
semigroup S(¢) acting on the Banach space E if

(i) It has finite fractal dimension, dimzM < +o0.

(ii) It is positively invariant, S(£)M C M, ¥t > 0.

(iii) It attracts exponentially fast the bounded subsets of E in the following
sense :

VB C E bounded, distg(S(t)B, M) < Q(||B||z)e” ', t > 0,
where the positive constant « and the function Q are independent of B.

Construction of robust exponential attractors



Let E and E; be two Banach spaces such that the embedding E; C E is
compact, X be a bounded subset of E and L. : X — X, € € [0, €0}, €0 > 0, be a
family of operators such that

1. For every x1, x, € X and every € € [0, €],

[Lex1 — Lexa ||, < cllxi — x2l|E,
where the constant c¢ is independent of .

2. For every € € [0, €], every i € N and every x € X,

|Lix — Lix||g < c'e,

where the constant c is independent of e.



Then, there exists a family M. C X, € € [0, o], such that M. is an
exponential attractor for the discrete dynamical system generated by L., i.e.,

(i) The set M is compact and has finite fractal dimension in E,
dimg M, < c.

(i1) The set M. is positively invariant,
LM C M..

(iii) The set M. attracts X exponentially fast,

distg(L'X, M.) < ce ", i€ N, ¢ > 0.



(iv) The family M. is Holder continuous at € = 0,

distyym (Me, Mo) < ce’, ¢ € (0, 1),

where distgyy, denotes the Hausdorff symmetric distance between sets defined
as

distsym (A, B) = max(distg(A, B), distg(B,A)).

Finally, all constants are independent of € and can be computed explicitly.



Theorem : For every 3 € [0, 5], B0 > 0 given, the semigroup Sg(t) acting
on ®,, possesses an exponential attractor Mg’ on ®, such that

1. The set M} has finite fractal dimension in H~'($2),
dimFM%’l <ec.
2. The set My is positively invariant by Ss(t),
Sg(t)Mly c MY, 1> 0.

3. The set M%’I attracts all bounded subsets of @), exponentially fast, i.e., for
every bounded subset B of éM, there exists a constant ¢ = ¢(B) such that

disty—1 (0 (Sg(t)B, MY) < ce™, 1> 0, ¢/ > 0.



4. The family of sets M%’I is Holder continuous at 0,

disteym (MY, MY) < ¢, ¢ € (0,1).

Furthermore, all constants are independent of 5 and can be computed
explicitly.

Existence of a uniform (with respect to (3) bounded absorbing set
By C &y NH'(Q),i.e., VB C &y bounded, 3ty = 19(B) > 0 independent of
B € [0, fo] such that

Ss(t)B C By, t > 10, 3 € [0, Fo]

— It suffices to construct the exponential attractor M%I on By



There exists #; > 0 independent of 3 € [0, 5y such that

Ss(1)Bo C Bo, 1 > 11, 3 € [0, Bo

Let u®, u® be two solutions to the problem for 3 > 0, 3 = 0 with the same
initial datum u

Setu=uf —u’:

O 4 Bu+ N A — () =
Oou 0Au
W oy - OonT



Recall that
g AW =0(5>0)
d(uo) B
e 0
Thus :
Tt Al () — ) = i

Multiply by (—A)~'a:

1d
5 AR+ BlalZy + [ Vull® + (") = £(u), 7))



Recall that

_1_
[(=A)2ul| < cf|Vul|
Thus :

d J—
A2+ 1Vl < B2 + 2]l + 24u) / (F () = f(u)) dx
Q

Recall that
P < 201 + (%) < el Vul + )?)
< AVull? + (@21 + w)?), ¥y > 0
Thus :
/ (F) — F(u)) x| < el {u) / (P 4 [ + 1) ] d

< c(lull® + <HuﬁHL4(Q> 1l gy + D)



< SIVUlP + el gy + 1y + DR+ w)?)

| =

Thus :

d,_ - _
20 < B2 + ¢ (e lizs() + 161170y + DAEZ, + (1))

Finally :

< B2 (u’)? + (u)?
Thus :
%(IIEHZ_l + (W) < cB([u]2) + (%))

¢ (16 [[7a(0y + 1 llsgy + D2 + 0))



We have :
4 !
/ |]u5|]24(9)ds < ce’
0

t
[ s < e

0
u”||g-1(0) < ¢

Gronwall’s lemma :

()l 5-1(0) < cBe

The constants are independent of 5
Set Lg = Sg(t1), take E = H-1(Q), Ey = L*(Q)

— Existence of a robust family of exponential attractors Mgl’d for the
discrete dynamical systems generated by Lg



Set

M%I = UtE[O,zl]SB(t)Mng

We need to prove that the mapping (,x) — Sg(¢)x is Holder continuous on
[0,#] X By, uniformly with respect to 5 € [0, 5]

Holder (Lipschitz) continuity with respect to x : continuous dependence
estimate

Holder continuity with respect to ¢ :

1

[S1}

1 t+s 814 )
1S5(1 + s)uo — Sg(t)uoll -1 () < Is|=( 15, -1 () d7)
t

| t+s 1
<l ([ ulfne + 170 Pan)?



Logarithmic nonlinear terms :
Equations :

ou
E + ,814 = Au
p=—Au+f(u)

ou  Ou
E—E—OOHF

uli=0 = uo

0. 1+s
f(S) = f90s+ 511117_5’ s € (*1,1)

Recall that (co = 6,)
fl > —Co, Co > 0
f(s) =fi(s) —cos, f{ 20
Set F(s) = [y f(£)d¢



Approximated functions fy € C!(R) :

Fls) =F14 )+ P (=T D) 1= 1), s < ~T4 o
fuls) =£G5), sl < 1
=f(1 ! (1 ! 1 ! 1 !
In(s) =f( _N)+f( _N)(S_ +N), s>l=5

Recall that

v = —co
For N large enough, Fy(s) = [, fv(€)d¢ :
—c1 < Fy(s) <cofn(s)s+e3,¢c2>0,¢1,¢>0,s€R

In(s)s > calfn(s)] — ¢s, ca >0, ¢5s >0

¢i,i=1, --- 5:independent of N



Su(s)(s —m) > cn(lfv(s)| + Fn(s)) — ¢y,
cm>0,¢,>0 secR, me (—1,1)
Cm» b, - independent of N and depend continuously on m.

Approximated problems :

0

% + Buy = Ay
puy = —Auy + fn(uy)
6111\1 . a,U,N _
o~ ov oot

Uy|=0 = uo



A priori estimates :

Crucial step : a priori estimate independent of N on fy(uy) in L*((0,T) x €2),
T>0

Assume that —1 < up(x) < 1, a.e. x, and [(up)| < 1—0, 6 € (0,1)
0 : fixed constant

Equation for the spatial average :

d(un)
dt

+,3<MN> =0

Thus :
(un (1)) = e P {ug), 1> 0

[{un (0)] < [(uo)|, >0
[{un(1))] <1—=0,1>0



Equivalent formulation :

ou
67;\’ + ﬁﬁN = A,uN
puy = —Auy + fn(uy)

Multiply the first equation by py :

IVl + (O ) + B ) = 0

Second equation :

((%,w)) + B((un, pn)) = %%HENH%, + Z/QFN(MN) dx
(2 o))+ Bl + B fan)
Note that
d{un)

—((

0 i) = B((Gaw).fiv ()



Thus :
d 12
Ny +2 | Fy(uy) dx)
! Q
+e(l[av [y + vl + IVenl?) < ¢ ¢ >0
Multiply the second equation by uy :
HMN||2V+C(HfN(MN)IILl(Q)+/QFN(MN)dX) <+ (v, uy)) = '+ ((Fiy, v))

<+ Manllv ][V
Thus :

w13 + (Il (un)ll ) + /QFN(MN) dx)

<+ (IVuwl® + [anlly), ¢ >0



Combine the two estimates :

dE
CN (B + o) ey + IVl < € e > 0

Ev = [l + 2/ Fy(uy) dx
Q
Equivalent equation :

(=8)" 5,

+B(=A) "y = iy
Multiply by < a”N :

8d

auN ”2 _ aﬁN
2dt

()

2
pA =gl ve



Note that
_ Ouy Oy
|<<uN,W>>| < IS V]
8MN
yL H21+0HWN|!2
Thus :
8uN
Husz2 v H21 < ||Vl
Note that

fiy = — Ay + fv(uy)
Multiply by —Auy :

AT |1* < collanly — ((y, Atin))

1
< collan |y + EHAENHZ +cl| Vi



Thus :

1AzN|* < 2collany + ¢l Vi ?

Combine with the previous estimate :

dEy _
CN b clBw + e ) + ()l oy + 1Vl < ¢ ¢ > 0
Note that
v )l < c(l[unll ) + [[Vunl)
Thus :

dE B -
X+ c(Bx + ey + o) o) + I o) |2 + [ V)

<cd,c>0



Finally :

/ [fN(uN)\ dx < Cl /fN(uN)uN dx| +c

Q Q
Thus :
(v (uw))| < cllan | [fn (un) || + ¢

Note that

v ()12 < e(Ilf (un) 1 + [ () )
Thus :

HfN(uN)HL2(Q><(O,T))

< c(lfv(un)ll2x 0,7y + [l oo (0,750200)) Vv (un) | 2 (2 x 0,7))

+, T>0



Poincaré’s inequality :

v (um) 1 22 0,7y < €En(0) +€'T
“ﬁNHiOO(O,T;LZ(Q)) < C”ﬁNHioo(o,T;V) < 'En(0) +"T

Thus :

v (un)ll 2 @x0,79) < ers(lluollzny +1), T >0
Furthermore :
En(t) < e “EnN(0)+ ', ¢>0,1>0
ey ()11 2y < cse™ Uluoll gy + 1) +¢”, ¢ >0, 1>0

i llz 0.7 ) < erslluollznggy +1), T >0



The dissipative semigroup :

Theorem : We assume that ug is given such that uy € H'(£2) and

—1 < up(x) < 1, a.e. x, with | (up)| < 1. Then, the problem possesses a
unique (weak) solution such that, VT > 0,

u € C([0,T); H (Q)) N L0, T; H2(Q)),

Ou

s 2 .l !
o€ (0, TsH' (),

p € L*0,T; H'(Q)).
Furthermore, —1 < u(x,1) < 1, a.e. (x,1).



Set

Dy ={ve H'( Q) NL®Q), -1 <v(x) <1, ae.x€Q, (v) =M},
Me(—1,1)

We can define the continuous (for the H~!(£2)-norm) semigroup

Sﬁ(l‘) Py — Dy, ug — u(t), t>0

S5(r) is dissipative in ®p



Regularity and separation from the pure states :

Proposition : The solution u satisfies

0

8—’: € L (r, +oo; H-1(Q)) N L2(r, T; H' (),
Vr<T,r>0andT > 0 given.

Equation :

(~8)1 S+ B-A)Na =

Differentiate with respect to time :

1,0 0u _,0u on
o 1Y Y% o 17:77
(=4) ot Ot A(=4) ot ot

Of _ _\Om e D

o "ot f(”)az



Multiply by % :

ld ou,, ) Ou Ou

ST+ BT+ o+ () e, Sy =
Furthermore :

;. \Ou Ou ou 24 (fF d(u) Ou
Z 2> —¢
() 5o 50) = —coll o I + (7 0552, 5)
Thus :
d ou d(u) Ou

i H21+2/3’|| ||21+|| ||v_ || ||2 2= 5,))



Difficulty : handle the term

(™ 90 — vl ) /0 20

To avoid it :

(@2, %) = () 2, By — ) (g )

ou d{u) d
> —al G- 8 [ Fwax

u u 2 u
=l 512 - 4 [ Faag + S [ R



Set
ou,, d(u)/
& F(u)d
S5 = S | P ax
Thus :
2 {w)
2 2
Bl R+ 151 <l 5P - e [ P ax
and

u u 2M
OISR + 515 I < el G+ 52 ) - 5 [ Fas

A is bounded from below :

Az %, -



The last two terms in the right-hand side are bounded from above :

dA 1
Bll ||2 1

— Uniform Gronwall’s lemma (]( i) = Blw)| < B)

SISER < el Sm 2, + Guo)? + B(O) + 1)

Proposition : We assume that 2 < p < +oo, whenn =2,and2 < p <6,
when n = 3. Then, the solution u further satisfies
If ()l o (rii1r () < €5
[u()llw2r) < ¢

YVt > r, r > 0 given, where the constant ¢ depends on the H 1 (€2)-norm of u.



Consider the elliptic equation

0
—Au + fi(u) = p + cou, S —0oonl

ov
It suffices to prove that u € L= (r, t; H' (2))
Note that 7 € L®(r,t; H'())
Multiply
—Au+f(u) =7
by £(u) :

F@* < e(IVull? + IV ull?)
ﬁm € L>®(r,t; 1*(Q))

Finally : () = (f(u))



Proposition : We assume that n = 1. Then there exists 6 € (0, 1) depending
on the H'(2)-norm of uy such that

“u(t)HLOO(Q) < 1 - 5a r> T,
r > 0 given.

Proposition : We assume that n = 2. Then, the following holds for every
t > r,r >0 given, and for every p € N :

I (@)l 2 (r)) < €5

where the constant ¢ depends on p.



Proposition : We assume that n = 2. Then, the weak solution u further
satisfies

(?;; € L®(r, +o0; H) N L2(r, T; H*(Q)),

Vr<T,r>0and T > 0 given.

Theorem : We assume that n = 2. Then, there exists 0 € (0, 1) depending on
the H'(2)-norm of ug such that

“M<t)”L°°(Q) <l- 67 t> r,

r > 0 given.



Remarks :

a) Strict separation property : existence of finite-dimensional attractors,
convergence to steady states

b) To avoid differentiating with respect to time : quotient differences

Useful when one cannot differentiate with respect to time (e.g. : coupling with
the incompressible Navier-Stokes equations)



