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Cahn-Hilliard-Gurtin models :
Phenomenological derivation :

Mass balance : % = —divh

h : mass flux

Constitutive equation : h = —kVw

Ginzburg-Landau free energy : Vo (u, Vu) = [o($|Vul* + F(u))dx
Q) : domain occupied by the material

Chemical potential : variational derivative of W, with respect to u

—w=—alAu+f(u)



M. Gurtin :

e Phenomenological derivation : physically sound and important
e Should be regarded as a precursor of more complete theories

o Limits the manner in which rate terms enter the equation

e Requires a priori specifications of the constitutive equations (mass flux :
h=—xkVw)

e It is not clear how it can be generalized in the presence of processes such as
deformations (e.g., for elastic solids) or heat transfers

o It is not clear whether there is an underlying balance law which can form a
basis for more complete theories



Main idea : introduce a separate balance law for microforces, i.e., forces at an
atomistic level

Microforce balance :

divE+7=0

7 (scalar) : microforces
& (vector) : microstress

Mass balance :

d/udxg—/ h-vd>
dr Jr oR

for every control volume R C {2



Note that

/ h-l/dE:/divhdx
R R

— az = —divh

Second law of thermodynamics : the rate at which the free energy increases
cannot exceed the sum of the work and the rate at which free energy is carried
into the control volume R by mass transport

Integral formulation :

Z/Rwdx <W(R)+ M(R)

1) : free energy density



Work :
Mass transport :

Note that
Ou . Ou

/ wh-udE:/ div(wh) dx
OR R



Thus :
8;? < —div(wh) + div(?;@
= —wdivh — h - Vw + g?di% +&- V?;;
Dissipation inequality :
2 - e v Tw<o

First models :

Set of independent constitutive variables :

Z = (u,Vu,w,Vw)
Assumptions : ¢ = Y(Z), h =h(Z),§ = &(Z), 7 = 7(2Z)



Thus :
oY ou ow
al‘ - 1/} + 8Vu¢ va + 8w¢ + anw V—- ot
Oy : differential with respect to X
Dissipation inequality :
Ou Ou ow
(Ot +m— w)a + (vt =€) Vo +awzp +aw¢ v?m Vw <0

We can choose Z such that Z, g’t‘, v az’ %5 and Vaw take arbitrary prescribed
values at some chosen point x and time t

ou Oou Ow ow
5 Vs ‘o Vg, appear linearly



Thus :
op+m—w=0
Ovup —§=0
O =0, Ogyp =0
— ¢ = Y(u, Vu)

Dissipation inequality :

h-Vw<0

— There exists a positive semidefinite matrix B = B(Z) such that

h=—BVw



Thus :

Cz;t‘ — _divh = div(B(Z)Vw)

w =0, + =9 — div§ = 0,0 — divov, ¢
Take ¢ = §|Vul? + F(u) :

Oy = F'(u) =f(u), Ov,p = aVu
— Equations :

Ou _
i div(B(Z)Vw)

w = —alAu+f(u)
Isotropic case (B = kI, k > 0) : Cahn-Hilliard system



Further generalizations :

Independent constitutive variables :

Z = (u,Vu,w,Vw, %)
Then :
8@!) 6 8 82u
Dissipation inequality :
ou ou
(6147;[) + T - W)i (OVM"/J E) V "‘ awd}

ot

ow 0%u
+8VW1/} V— +83u¢62 +h VW<0



8“ no longer appears linearly :

Y = (u, Vu)
There remains :

(8uw+7r—w)%+h-Vw§0

— There exist four constitutive moduli, 8 = 3(Z) (a scalar), a = a(Z),
b = b(Z) (two vectors), B = B(Z) (a matrix), such that

Buw—i-ﬂ—W——ﬁgj—b Vw
Ou
h——aE—BVu

ou
5(2)(5)2 +(a(Z) +b(2)) - Vwo—+ B(Z)Vw - Vw > 0



— B >0, B is positive semidefinite
Thus :

Ou . . Ou .
i —divh = dlv(aE) + div(BVw)

w—b-Vw= 5% + 8,0 — divOy, o
Take ¢ = §|Vul? + F(u) :

% — div(a(Z)%) = div(B(Z)Vw)



Isotropic case (8 > 0, a=b=0,B=«l,k > 0):

— = kAw

ot
0
w= 55? — aAu+f(u)
— Viscous Cahn—Hilliard equation

Constant constitutive moduli :

Ou Ou )
Frimt VE = div(BVw)

w—b~Vw:ﬁaaL;—ozAu—|—f(u)

Bx*+ (a+b) -yx+By-y>0,VxeR, yeR"



Multiply the first equation by w and the second one by % (periodic boundary
conditions) :

(G ) + (P2 a-9w)) = ~(Bw, V)

(G = (G 09w = NG+ 5 19l + 5 [ Py

Thus :

gl M2 u)ax
(HVH+/QF()d)

||2 ou

+B|| + (5, (@+8) - Vw)) + ((BVw,Vw)) =0

Dissipation 1nequahty :

d Lo
= GlIval /Q Flu) dv) < 0

(total free energy decay)



Stronger coercivity relation :

B+ (a+b)-yx+By-y>co(x* + |y]*), Vx €R, y €R", ¢p > 0
Then :

a1
dt 2

Useful in view of the mathematical analysis

ou
| Vul)* + /QF(M) dx) + Co(HEH2 +Vwl?) <0

Mathematical analysis : periodic boundary conditions and regular nonlinear
terms mostly



Extensions :
e Elastic effects
e Multicomponent alloys

e Thermal effects :

Ou . w 1
Oe . w 1 Oou
= _dlv(Cvg + Dvg - a(u,@)EVu), a>0

1
w=2c(0 = 6c)u+ 50.(u, 0)|Vu|* — div(a(u, 0)Vu) +f(u), ¢, 6. >0

1
e =cyd — clu* + E(a(u, 0) — dgor(u, 0))|Vul> + F(u), cy >0



0 : absolute temperature
e : internal energy
A, B, C, D : matrices such that A and D are positive semidefinite

Lead to mathematically challenging problems

Simplest problem (A =D =1,B=C =0, « = 1 constant, §, = 0, cy = 1,
c=0):

Gu _ AV
o 0
w=—Au-+f(u)
00 1 Oou Ou
o TG T g A



Setx =7 :
Ou
Z_A
ot X
Ox = —Au+f(u)
00
— +A- =—-0xA
ot * 0 XEX
Energy conservation :
d 1 )
— - F 0)dx =0
G | GVl + F) +0) s

No further result/estimate



Different approach : entropy principle (H.W. Alt-1. Pawlow)
Similar equations
Move convenient for the mathematical analysis :
w Au n 1 ()
Z— _AZ & Zf(u
0 0 9f
Remark : Conserved Caginalp phase-field system :

gb; + A%u — Af(u) = —Af

00 Ou
a M=%



e Dynamic boundary conditions

A simple example (G.R. Goldstein-A. Miranville) :

ou . Ou .
yrie dlv(a(Z)E) = div(B(Z2)Vw)
W—b(Z) - Vw = 5(2)‘;‘ — alu+ f(u)

B(2)¥ + (a(2) + b(2)) - yx + (BZ)y) -y 2 0, Vx € R, y € R", VZ
Integrate the first equation over {2 :

v [ l@) )5+ B@TW) v)dr =0

Dynamic boundary condition :

W (a@)- 1) 2 = sarw — (BZ)Tw) - vonT, 620



Ensures the conservation of mass :
4 / dx + / do) = 0
— udx udo) =
dt Q T

V=WV + ¥r

v, :/Q(;‘|Vu|2+F(u))dx

Total free energy :

ve = [ AP + Gw) do n = 0
r

Set w = 9,V (usual Cahn-Hilliard equation) :

0
w:—nAFu—l—aa—Z—l—g(u)onF, n>0



Natural generalization for isotropic materials (b = 0, B = k(Z)I, k > 0) :

0 0
Wzﬁ(z)gbtt —TIAFM-i-aafZ +g(w)onl, n>0

(accounts for the work of the microforces on the boundary)
Anisotropic materials :

Wt (b(Z) - v)w = B(Z) 2~ nArut 0o

5 " +g(m)onl', n>0



Constant moduli (B = kI, K > 0,0 > 0,n > 0):

Oou Ou
E—a-VE—Aw

w—b-VW:BgIZ—Au—i—f(u)

Ou Ou ow
E‘F(a'V)E:AFW—%OHF
ou Ou
w+(b-u)w:ﬂ5—Apu—ka—kg(u)onf‘

uli=0 = up
Bx® + (a+b) - yx + [y = col@® + y*), Vx €R, y €R", ¢9 > 0
Well-posedness : f(s) = s> —s, g(s) =s+ X, A€ R



Mathematical formulation :

ou . oU o
E—BQE = —AWinV

W — B,W = ﬁ%[t] +AU + F(U)in V'

0= (uie) 2= v gae) = (o)
ulr —Arulr + g5 |r wlr

Fo)- (1)

8(ulr)

so= (7)) w=()



Conservation of mass :

0= g g e [ v=(0)

Furthermore :

Matrix formulation :



o

U

)

U

U

)> — BIUIB, — (b~ Vu,0)) + (- V) + 101



Thus :

(M <g> ’ <Z>> = BUIF + (. (a+b) - Vit) + [ U], = (b v)u,i)r

Coercivity assumption :

U U ~ ~
Wi () (5)) 2 alll+ 1013), v0. 0 e >0
b = 0 : follows from the dissipation inequality

Also holds when b is small :

M <Z) ’ (Z>> > co(|Jull® + (| Va||*) + Bllullf + | Vra||f — (b v)u, @))r.



Remark : No anisotropy on the boundary :

u

P
w:Bi—ApLH—aV

+g(w)onT
No need for a stronger coercivity relation

Theorem : We assume that U(0) € V. Then, the problem possesses a unique
(weak) solution (U, W) such that

U € L=(0,T;V) N L=(0,T; L) x L*(T)), & € L>(0,T; H) and

W € L*(0,T; V), VT > 0.



Hyperbolic relaxation of the Cahn-Hilliard equation :

Equations :
O*u  Ou ’
Batz +§+A u—Af(u)=0,5>0
Oou  O0Au
% = o =0onT
Ou

ul;—o = uo, Ehzo =u
No mass conservation :

d*(u) | d{u)
22—
dr? + dt

B

d{u)

6dt

+ (u) = (Bur + uo)



Thus :
S ) = eF B + )
(1)) = (up)e 7 + (Buy + up)(1 — e 7), 1 >0
Note that

lim (u(t)) = (up)

B—0*
Cubic nonlinear term :

1D : the problem is well understood
2-3D : find a good notion of a solution

One possibility : finite energy solution (total free energy belongs to L>°(0, T),
T>0)

No uniqueness in 3D



Logarithmic (singular nonlinear terms) : existence of weak solutions (no
uniqueness) for the hyperbolic relaxation of the viscous Cahn-Hilliard
equation

Hyperbolic relaxation of the Allen-Cahn equation (weakly damped wave
equation) :

? 0.
68—I§‘+57—Au+f(u):g, €e>0
u=0onIl
uli=o = uo, %|z:0 =Uuj

For simplicity : g = g(x) € L*(Q)

Here : ug € L>°(2),

u()HLoo(Q) <1



Existence of strong solutions only (when € > 0 is small and the initial data are
not too large)

We are not able to prove the existence of weak solutions
Main ingredients :

e Perturbation argument : the solutions remain close to those of the limit
parabolic problem

e Dissipativity provided by the equation



Theorem : There exist ¢y > 0 and a monotone decreasing function
R : (0,¢9] — RT satisfying

lim R(e) = +o0

e—0t

s.t., for every initial data satisfying

1
Do) + (ol gy + el 2y + e B2y ? < R(O),

there exists a unique global solution s.t.

D(u(t)) + ||u ()H Q)Jre\ GO 1505

+ Jye oty ()H;p Q) 98

< 0(D(u) + <||uou,,2(m+e||u1||§,1(m+Huluiz(m)%)e—w
+0(llgllze (), >0,

where « and Q are independent of € and D(v) = m



Uniqueness : standard (f' > —cg, ¢ > 0)
Existence : follows the following steps :

Step 1 : Dissipative estimate in H'(Q) x L*(9) :

() By gy + €12 OBy + Sy 12 5) 2 gy

1
SQ@W@+N%an+¢mhmyﬂfm
+0(gll1(0)): @ >0

« and Q independent of e

ds



Step 2 : Consider the limit parabolic problem (¢ = 0) :

0
G — A +f () =g
uW=0onT
| i—0 = ug

We have :

D’ (1)) + 1(0) 2y < Q(D(w0) + 1012z e + Qlllgll (). @ > 0

Step 3 : Compare the solution to the hyperbolic problem to that to the limit
parabolic problem :

() (1) [y < QDo)+ o] oyl B2 e +Q0 g oo )

a > 0 and Q independent of €



Step 4 : Multiply the equation by —A(Su + %), B > 0 small enough :

dE, 0
dt<f> + BE1) + g(HAu(I)HiZ(Q) IV 5 OliEy) < elF @)l

where

Eu(1) = el VG 0l + BIVu®)720) + 1200172,
~2((g, Au(1))) () + Be((Vu(r), VG 1)) 120

Step 5 : Estimate ||f (u(1)) | 41 (q)



We have :

[If (u(t)) _f<”0(t))H12-11(Q) < My( 1_””0(’)||L°°(Q)_h”(t)_u0 )X

OIS
< (14 [ (0)]F2 ) + (@) F2 ) () = u® ()17

My : smooth monotone increasing function only depending on f and satisfying

lim My(z) = +o0

Z—+00

u® : solution to the limit parabolic problem

Consider the interpolation inequalities

Je) =0 < elhlt) =0 s g ) — (0
Ju(e) — 0(0) = s < elle) — (D] g e) — 100)



This yields
w2, . < 0oet (1 + E, (1))2M !
I1£( ())Hyl@ < Qe ( (1) f((§+Q0)—1_5%(§+QO)(1+Eu(t))
+Qoe™ " + Q

1
Qo = Qo(D(uo) + (HMOH%IZ(Q) + EHMIHIZLII(Q) + ”u1||%2(9))2)

0 = 0(llgllL=(o)
a > 0, Qp, O : independent of €

Finally :

dE,(t) 1 2 1
+ BE, (1) < Qpe2 (1 + E,(1))*M:(— -
“ PEL )f o2 ) f((Q+Q0)71—6%(Q+Q0)(1+Eu(t)))
+200e" +20 (B < a)



Step 6 : Assume that

1
Do) + (loliee qy + ellialon gy + lutlBog)* < R(6)
R = R(¢) solves

0 = 0o(R)ez (1 +2(8 — )10y (R) + 35710)x
XMf( — T — 1 — )
(0+Q0(R)) ~1—€8 (0+Q0(R))(1+2(8—) ~1Q0(R)+38710)
Then :
E,(t) < Eo(t)
where

1
Bolt) = 2(8 — @) Qo(Dlue) + (ol + llan gy + 1))
xe ™ +35710



Consequence of the comparison principle :

Ey satisfies

dE()(t 3 2 1
+ BEo(t) = Qoex (1 + Eo(1))"My(— o
O( ) 0 ( O( )) f((Q+QO)*1—6%(Q+QO)(1+E0(I))
+2Qpe™ + 20

We can take

E,(0) < Ey(0)

We conclude by noting that

lim R(e) = +o0

e—0t



Further results :
Additional regularity
Existence of finite-dimensional attractors

Extension : hyperbolic relaxation of the Caginalp phase-field system



