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Equations :







Properties of f :

o fisodd, f(0) =0

of' > —co,co=0.>0

o f(s) =fi(s) —cos, f{ 20

Set F(s) = [y f(£) d¢

o f(s)s>F(s)—c1 > —ca, ¢1, 2> 0

Consider the function ¢(s) = f(s)s — F(s) + Ls% ¢'(s) = (f'(s) + co)s



o f(s)s = cslf(s)| —ca, 3> 0, ¢4 =20

Consider the function ¢(s) = fi(s)s — 1fi(s)(= fi(s)(s — 1)) (s > 0)
lim ;- ¢(s) = +o0

—p>—cc>0

= fi(s)s > 3fi(s) —c = 3lfi(s)| — ¢

Thus :



o f(s)(s —m) > F(s) — ¢, cm > 0, ¢, depends continuously on m,
me (—1,1)

Consider the function ¢(s) = f(s)(s — m) — F(s),
¢'(s) =f'(s)(s —m) = f(s)(s —m) — co(s —m)

Thus :

= f(s)(s —m) > F(s) — F(m) — 2co

o f(s)(s —m) > cmlf ()] — ¢y cm >0, ¢, > 0, ¢, ¢}, depend continuously
onm,mée (—1,1)

Note that f(s)(s — m) = fi(s)(s — m) — cos(s —m) > fi(s)(s — m) — 2co



Consider the function ¢(s) = fi(s)(s —m) — cnfi(s)s = fi(s) (1 — ¢m)s — m),
cm>0cnm<1l—mifm>0,¢, >14+mifm <0

Note that lim,_, 11 ¢(s) = +o0
— P>y

= f(s)(s —m) = cnfi(s)s — ¢y



Approximated functions :

Fuls) = F(-1+ ) (14 )+ 1= 1), s <=1 o

In(s) =f(s), s <1—=

e fy is odd, fy(0) =0
o fn(s) =fin(s) —cos. fiy 20

Set Fy(s) = [y fv(§) d¢



o fn(s)s > Fn(s) —cs > —ce, ¢s, c6 > 0, s € R (N large enough)
It suffices to take s > 0
€[0,1— ) :fu(s) =£(s)

le—l:

fls)s — Fn(s) = fuls)s — F(1 = ) / fulé

1 1 1 1 1 1

:f(l—ﬁ)(l—ﬁﬂ' f(l—ﬁ)2 zf(l—ﬁ)(l—ﬁ) (l—ﬁ)

Take N > Ny = No(f) > 2 such that f(1 — ) > 0,/ (1 — %) > O(F
bounded)



o fy(s)s > clfv(s)| — cs, ¢7 >0, cg > 0, s € R (N large enough)
s€[0,1—5) fuls) =f(s)

s> 1 — g iseton(s) = f(s)(s — 3)

fn(s) =il =) +f(1 =) =1+ 5) —cos

Take N > Ny = Ni(f) > No such that f; (1 — %) > co, f{(1 — &) > co

1 1 1 1 1
fN(s):fl(l_N)"’fl/(l_N)(S_1+N)_CO(S_1+N)_CO(1_N)
> fi(1 ! ‘(1 ! 1 ! 1 ! >0
> fi( _N)"’_fl( —N)(S— "‘N)—CO(S— +ﬁ)—C0_

— v > 0.fu(s)s > 3fu(s) = 5lfu(s)]



o fv(s)(s —m) = cm(|fn(s)| + Fn(s)) — cp
cm >0, ¢, >0,s€R, me (—1,1) ¢y, c,, depend continuously on m (N
large enough)

sel01—3):fv=f
s>1-— %:setnpN( ) =fn(s)(s —m — cw), ¢ > 0 such that [m + ¢,| < 1
(m € (_171))

Take N > No = No(f,m) suchthat I — 5 > m+ ¢, fv > 0: o8y >0
= fnv(s)(s —m) > cufin(s) = cmlfn(s)]



Recall that
In(s)s > Fn(s) —cs

Take N large enough such that fy (s)(s — m) > 1fy(s)s

Remark : Fy is bounded, independently of N, on [—1, 1]



Approximated problems :

Baulfv + AzuN — AfN(MN) =0
al/tN _ aAMN

v ov

Well-posedness : regular case
Mass conservation
Passage to the limit : estimates independent of N

Crucial step : estimate independent of N on fiy(uy) in L*>(2 x (0,T)), T > 0



A priori estimates :
Assume that (up) =k =0, —1 < up(x) < 1, a.e. x
— Fy(up) is bounded, independently of N

Equivalent problem :

a .
(—A)‘l% — Auy + fy(uy) =0
%ﬂ =0onl

1%

uN‘t:O = U



Multiply by < a“”

d Juy
Gl +2 [ Pt o) +2) GHE =0

Multiply by u (((fy (un), un)) = ((fn(un), un))) :

d
Sl 4 cllunlFy+2 [ Pyt ds+ ()l < ' <> 0

Sum :

dE| N Ouy H2

(B + ) oy + | SR < € >0

Evy = llunls + luy]? +2 / Fy(uy) dx
Q



Multiply by fy (un) :

()2 7)) + (o) T, Vi) + ()| = 0

8”1\[”2

)

v (um)I? < c(llunlly + |

Combine with the the previous estimates :

dE| N

T e,
dt

+e(Bry + [l () ooy + )P + 55 120)

<cd,c>0



Multiply by —Auy :
d 2 2 2
gl I+ 2l Ay || < 2colun |

Combine with the previous estimates :

dE> N

T e,
dt

)

(E2n + w722y + v (ew) L3 2y + v Gew) 1P + =5

<d, c>0
Exn=Ein+ 8l|un|?, 6 >0

Ex > |lunlly —



For N large enough :

(v (un)) | < cllun || |1 (un) || + ¢
Note that (T > 0 given)
lun (O < er, t €10,T),
v (un)ll2x0,)) < 7
Thus :

W (un)ll 2@ 0,y < cr



Existence and uniqueness of solutions :

Theorem : We assume that g is given such that uy € H'(£2) and
—1 < up(x) < 1, a.e. x. Then, the problem possesses a unique (weak) solution
such that, VT > 0,

u e C([0,T]; H () N L2(0,T; H*(Q))
and

g
ot
Furthermore, —1 < u(x,7) < 1, a.e. (x,1).

L*(0,T; H'(Q)).



Uniqueness : f/ > —cg

Continuous dependence estimate :

1 (£) = wa (1)l -1 < €“fluro — w0l -1, £ 2 0

for any two solutions u; and u, with initial data u; o and u> ¢ such that
(ur,0) = (u20) = K&

Existence :

uy — uin L(0, T; H' (Q)) weak star and in L*(0, T; H*(Q)) weakly
Ouy — Ou in

ot ot
uy — ua.e. (x,¢) and in L*(Q x (0,7))

L*(0,T; H'(Q)') weakly



Difficulty : pass to the limit in the nonlinear term fy (uy)
fv(uy) is bounded, independently of N, in L' (2 x (0, T))
For N large enough :

1
meas(Eny) < (5;), N <M

Ena = {(x,1) € Q x (0,T), [un(x,1)] > 1 — %}

1
o(s) = Fa—s s€(0,1)



Indeed (take N (and M) large enough) :

T
//VM(MM)detZ far(ups)| dx dt
0 Q Enm

1

> meas(Ey m)f (1 — ﬁ)

Pass to the limit M — +o0o (employ Fatou’s lemma) and then N — 400 (note
that limy_, (s) = 0) :

meas{(x,7) € Q x (0,7), |u(x,t)| > 1} =0

— =1 <u(x1) <1, ae. (x,1)



Almost everywhere convergence of uy to u and explicit expression of fy :

In(un) — f(u) ae. (x,1) € Q x (0,7)

fw(uy) is bounded, independently of N, in L?(2 x (0, T)) : fy(uy) — f(u) in
L*(Q2 x (0,T)) weakly

Set
P, ={ve H(Q)NL®Q), -1 <v(x) <1, ae.xeq,
() =k}, m e (—11)

We can define the continuous (for the H~!(£2)-norm) semigroup

S(t) : @, — Py, up — u(t), t>0



S(t) is dissipative in @

Continuous dependence estimate : we can extend (in a unique way and by
continuity) S(7) to a semigroup acting on the closure of ®,, in the
H~'(Q)-topology :

Ly ={veL*(Q), [Vlie@ <1, (v) = £}
— We can now consider initial data which contain the pure states
S(t): Ly — P, >0
The initial datum cannot be a pure state

If uy € L, consider a sequence of regular functions ugx € ®,, k € N, such
that

lim |up — uokl|—1 =0
—+o00



Then :

S(t) is dissipative in Ly

Uniform Gronwall’s lemma : we can choose the bounded absorbing set such
that it is bounded in L, and compact in H' ()

Theorem : The semigroup S(7) possesses the global attractor A, on L.
Finite fractal dimensionality of the global attractor : difficult problem

Main difficulty : We a priori only have a weak separation property from the
pure states

We will prove a strict separation in 1D and 2D (||u(#)|| ;) < 1 =9,
0 €(0,1))



First proof of existence of the global attractor : A. Debussche-L. Dettori
Finite-dimensionality : based on the differentiability of the semigroup
— The strict separation from 1 was necessary

— Could be proved only for small domains

Here : no restriction on the size of (2



Finite-dimensionality : construction of an exponential attractor

Exponential attractor : compact and positively invariant
(S(t)M,, C M,,, t > 0) set which contains the global attractor and has finite
fractal dimension

Main tool : find a proper set C s.t.

1S(0)ur = S()uallr2) < c(@)llur — wallpg-1(q)

for some t > 0, Vuy, up € C



A, is trivial if & is large : IM € (0, 1) s.t.
A, ={x}if || > M
Set S(7)(£1) = =£1 (the pure states can be solutions)
Then
S(l‘)L =L L= U|;¢|§1Ln = BLOO(Q) (0, 1)
Set Ay = {£1}

Theorem : The semigroup S() possesses the finite-dimensional global
attractor

A= U1 As

on L.



Viscous Cahn-Hilliard equation :

—BA &t—f—?JrAzu—Af(u):O, B3>0
ou 0Au
W o OonI
uli—o = up

Conservation of mass :

(u(t)) = (uo), t 20
Equivalent formulation :

Ou 1 Ou
B + (—A)' S — Au+fu) =
@ =0onT

ov



Multiply by % :

d 2 ou 5 ou .,
GUVUR+2 [ Fdn + 2815 1P + 205121 =

Multiply by —Au (f' > —co) :

d _
S BNVl + [[7) + 2] Aull? < 2¢0]|Vul?

Differentiate with respect to time :

0 Ou _1 0 Ou ou ., Ou
ﬁ&a‘l'(—A) EE_AE +f (M)E—O
0 Ou

%EZOOHF



______________________________
Multiply by % :

(Ml\V H W>+m1\w_zar|ﬁ
— u e L>(0, T;HI(Q)) N LZ(O, T;H*(Q)), 2 € L2(Q x (0,7)), T >0
up € H*(2) (plus compatibility condition) : %(O) € L*()
— Ju e 1°(0,T; L*()) N L*(0,T; V)

Equivalent elliptic problem :

—Au+f(u) = hy, %:OOHF

1 Ou

o5 € L>(0,T;L*(2))

Ou
= B2 (-a)



Multiply by —Au :

1Au? < 2{1h® + 2¢o || Vul
—u € L>(0,T; H*(Q))

— f(u) € L>(0,T; L*(Q))

As in the case of the Cahn—Hilliard equation : (f(u)) € L>(0,T),
f(u) € L2(0,T; L3())

— Well-posedness, weak separation property



Equivalent second-order in space parabolic equation :

ﬁg”t‘ — Au+f(u) =hy,
= () — (~8) 0 e 120, 7 ()

Continuous embedding H?(2) € C(Q) : h, € L=(Q x (0,T))

Consider the ODE’s

Vi +f(2) = £l @x0,1))> y£(0) = £[|uollz ()

Comparison principle :

y—(t) Su(x,1) < y4(1), (x,1) € 2x(0,T)



Setzy =u—y4:

0
S Az S () —fr4) <0
8z+ .
E =0onT
z+(0) <0

Multiply by zI = max(z,0) :

3d

2 2 2
S I + IV < coll

Gronwall’s lemma :
2¢p
IZEO)> < e?"|zE(0)* =0, 1€ [0,T]
— 2L () = 0and u(x, 1) < y4(7)

Second inequality : z_ =y_ —u



v+ ()] < 1= 0(lluollze (), | tull = @x 0.1 t € [0,7]

Q(HMOHLOO(Q)v ||ilu||Loo(Qx(o,T))) €(0,1)

— strict separation property

Existence of finite-dimensional global attractors, existence of exponential
attractors



Regularity and separation from the pure states :

We assume that k = 0

Equations :
3u 2
E‘FA M—Af(u)—()
Oou  O0Au
5 = a]/ = 0 onI

uli—o = up



Proposition : The weak solution u satisfies

% € L®(r,+00; H 1 (Q)) N L*(r, T; H(Q)),
Vr<T,r>0and T > 0 given.

We have :

t+r 8
/ 19412 dr < e(r), 10
t

Equivalent formulation :

0
(—4) laL; Au+f(u) =0
@:OOnF

v



Differentiate with respect to time :

0 Ou o Ou
A ' =0
N N )
0 Ou
T _gonT
ovor "
Multiplying by % :
2 2
— + 2=y £2
D02+ 22 < 2eo) 2
Interpolation inequality H il < || H2 1” HV

||2

ou 5
HEH H Hv_ H



Uniform Gronwall’s lemma

We have

t+r
/ 12412 ar < c(r), Vi > r
: ot

Proposition : We assume that 2 < p < +oo, whenn =2,and2 < p <6,
when n = 3. Then, the solution u further satisfies
If ()l o (rp1r () < €5
[u()llw2r) < ¢

YVt > r, r > 0 given, where the constant ¢ depends on the H 1 (€2)-norm of u.



Equivalent elliptic equation :

—Au+fi(u) = —(-A )18”

f(u) € L(r,1; L(2))

+ (f(u)) + cou = hy,

— (f(u)) € L>®(r,T)

Thus :

Ou
Wl ) < el 1=t + [F )] + llullm @)
<c,t>r

= hull oo (rsmr )y < et >



Multiply by |f; (u) |p_2f1(u) :

- /Q Aulfi ()72 () dx + /Q i ()P dx = /Q alfi (1) P21 () di
- [ Sulfi@P iy = 1) [ e TP 0
Q Q
- 1 » P
| Bl @21 ] < Sl + il o
Thus :

A7) < clhullin o
f @)l ) < cllltullgr) + ullm )

= (Wl rir)) < ¢ t>r



Standard elliptic regularity results : |[u([ o (- sw2r()) < €, 121

Remark : In 1D : H!(Q) C L>=(Q2)
Thus :

|t =2fate) | < o ) e

< ellhullzoe @y I () 55 0

< cllhulln oy 1 W)y

= lf (@)l ze (r,is10(00)) < €, t > 1, ¢ independent of p € [1, +o0]



Remark : Cannot be justified within a Galerkin scheme
Truncation functions, k € N :

1 1
gpk(s)ZI—%,s>l—%

1
or(s) =, |s| <1 - Z

1 1
@k(s):*1+%,s<*1+%

Set ux = i (u)
— u € C([0,T); H'(Q)) (¢x is Lipschitz continuous)

— Vu = X(—141 1_l)(u)Vu (x : indicator function)
k? k



Set vy = |fi (we) [P~*fi (i) € C((0,T]; H'(Q))
Multiply by ¥ (fi (u)* < fi (w)fi (), k > 2)
— k — 400 (Fatou’s lemma)

Proposition : We assume that n = 1. Then, there exists 0 € (0, 1) depending
on the H'(€)-norm of ug such that

“u(t)HL‘X’(Q) S 1 - 5a t Z r,
r > 0 given.

p — +oo in Remark



Remark : Strict separation : physical and mathematical interpretations

Proposition : We assume that n = 2. Then, the following holds for every
t > r,r>0given, and forevery p € N :

1 (@)l (r)) < €5

where the constant ¢ depends on p.

Multiply —Au + fi (u) = h, by fi(u)e Lifi ()] .
[ IVuP 1+ 1wl ) / () P19
Q Q
/ iy ()0 g

Thus :

/ i () P dx < / ] If (1) | e
Q Q



Generalized Young’s inequality :

ab<e’—a—1+ b+ 1)Inb+1)
<e'+ b+ 1)Inb+1),a, b>0
Thus :

/mmmwwwwwgl/mmW&WWw+/é@Ww+a
Q 2 Ja Q

a = klhy|, b= k~|fi (u) [P0
(k properly chosen)



Moser-Trudinger’s inequality :

/ Ol gy < ceC”u”i’l(Q), Vu € H'()
Q

Thus :
AMWWéwwwga
Note that
flls) < POy (—1,1).
Thus :

HOTE P
— Take L = pc



Proposition : We assume that n = 2. Then, the weak solution u further
satisfies

g”; € L>®(r, +oo; H) N L (r, T; H*(Q)),

Vr<T,r>0and T > 0 given.

Multiply (—A) 1 2% _ AQu 4 pr(4) e — by — A

Ou Oou , Ou
P+ IA=]?= ((F(u)—, A—
SN 1T = () 5, AT

Holder, Young and Ladyzhenskaya’s inequalities :

A LN

— Uniform Gronwall’s lemma

au||2

ou
HIAZHP < el @)yl S



Theorem : We assume that n = 2. Then, there exists 0 € (0, 1) depending on
the H'(2)-norm of ug such that

Hu(t)HLOO(Q) < 1 - 57 t> r,
r > 0 given.
Elliptic equation :
—Au +f1 (”) = hy
Now : ||l zoc @ (riy) S € t 27

— : We can conclude as in 1D



Remark : [[u()|| g2y < ¢, t>r,r>0

Remark : Finite dimensionality of global attractors, exponential attractors,
convergence to equilibria (1 and 2D)

Remark : More general singular nonlinear terms :

. / _
g £) = 200 04l £16) = o0

Remark : Strict separation in 3D : open problem for logarithmic nonlinear
terms

Can be proved if f behaves like == )a, o > , close to £1
Other proof of existence :

Semigroup’s theorey : H. Abels-M. Wilke



