
The Cahn-Hilliard-Oono equation

Alain Miranville

Université de Poitiers, France

NSF-CBMS Conference
The Cahn–Hilliard equation : recent advances and applications



∂u
∂t

+ ακ∆2u− κ∆f (u) + βu = 0, β > 0

Models long-ranged interactions

Based on the free energy :

ΨΩ =

∫
Ω

(
α

2
|∇u|2 + F(u) +

∫
Ω

u(y)k(x, y)u(x) dy) dx

k(x, y) =
β

4π|x− y|
Evolution equation :

∂u
∂t

= κ∆∂uΨΩ

∆(−k(x, y)) = di(x− y)



∂u
∂t

+ βu + ∆2u−∆f (u) = 0, β > 0

∂u
∂ν

=
∂∆u
∂ν

= 0 on Γ

u|t=0 = u0

No mass conservation :

d〈u〉
dt

+ β〈u〉 = 0

〈·〉 = 1
Vol(Ω)

∫
Ω · dx or 1

Vol(Ω)〈·, 1〉H−1(Ω),H1(Ω)

Thus :

〈u(t)〉 = e−βt〈u0〉, t ≥ 0

→ Conservation of mass only when 〈u0〉 = 0



Note that

|〈u(t)〉| ≤ |〈u0〉|, t ≥ 0

lim
t→+∞

〈u(t)〉 = 0 (β > 0 fixed)

lim
β→0+

〈u(t)〉 =< u0 > (t ≥ 0 fixed)

Simplest equation for which we do not have the conservation of mass

Already brings several difficulties



Cubic nonlinear term :

f (s) = s3 − s (can be generalized)

Assume that |〈u0〉| ≤ M, M ≥ 0

A priori :

|〈u(t)〉| ≤ M, ∀t ≥ 0

A priori estimates :

Equivalent equation :

∂u
∂t

+ βu + ∆2u−∆f (u) = 0

u = u− 〈u〉



Weak formulation :

(−∆)−1∂u
∂t

+ β(−∆)−1u−∆u + f (u) = 0

Multiply by u :

1
2

d
dt
‖u‖2
−1 + β‖u‖2

−1 + ‖∇u‖2 + ((f (u), u)) = 0

Hölder’s inequality :

((f (u), u)) ≥ 3
4
‖u‖4

L4(Ω) − c

|〈u〉
∫

Ω
f (u) dx| ≤ 1

4
‖u‖4

L4(Ω) + cM

Thus :

d
dt
‖u‖2
−1 + ‖∇u‖2 + ‖u‖4

L4(Ω) ≤ cM



Finally :

‖u‖−1 ≤ c‖∇u‖,

Thus :

d
dt
‖u‖2
−1 + c‖u‖2

−1 +
1
2
‖∇u‖2 + ‖u‖4

L4(Ω) ≤ c′M, c > 0

All constants are independent of β

Note that :

d〈u〉2

dt
= 2〈u〉d〈u〉

dt
= −2β〈u〉2 ≤ 0

Thus :

d
dt

(‖u‖2
−1 + 〈u〉2) + c(‖u‖2

−1 + 〈u〉2) +
1
2
‖∇u‖2 + ‖u‖4

L4(Ω) ≤ c′M, c > 0



→ Dissipative estimate on ‖u‖2
−1 + 〈u〉2 :

‖u(t)‖2
−1 + 〈u(t)〉2 ≤ e−ct(‖u0‖2

−1 + 〈u0〉2) + c′, c > 0

Bounded absorbing set in H−1(Ω) : ∀R > 0, ‖u0‖H−1(Ω) ≤ R,
∃t0 = t0(R) ≥ 0 such that t ≥ t0 implies

‖u(t)‖H−1(Ω) ≤ c

Furthermore : ∫ t+r

t
‖∇u‖2 ds ≤ cr, t ≥ t0, r > 0∫ t+r

t
‖u‖4

L4(Ω) ds ≤ cr, t ≥ t0, r > 0

Multiply by −∆u (f ′ ≥ −1) :

d
dt
‖u‖2 + ‖∆u‖2 ≤ 2‖∇u‖2



Note that

‖u‖2 ≤ 2(‖u‖2 + 〈u〉2) ≤ c(‖∇u‖2 + M2),

Thus :

‖u(t)‖ ≤ c, t ≥ t1(≥ t0)∫ t+r

t
‖∆u‖2 ds ≤ cr, t ≥ t1

→ Existence of a bounded absorbing set in L2(Ω)



Multiply by ∂u
∂t :

d
dt

(β‖u‖2
−1 + ‖∇u‖2 + 2

∫
Ω

F(u) dx) + 2‖∂u
∂t
‖2
−1 + 2Vol(Ω)〈f (u)〉〈∂u

∂t
〉 = 0

F(s) =

∫ s

0
f (ξ) dξ

Young’s inequality :

|2Vol(Ω)〈f (u)〉〈∂u
∂t
〉| ≤ cβM(

∫
Ω

u4 dx + 1)

Thus :

d
dt

(β‖u‖2
−1 + ‖∇u‖2 + 2

∫
Ω

F(u) dx) + ‖∂u
∂t
‖2
−1 ≤ cβM(

∫
Ω

u4 dx + 1)



Uniform Gronwall’s lemma :

‖u(t)‖H1(Ω) ≤ c, t ≥ t2(≥ t1)

→ Existence of a bounded absorbing set in H1(Ω)

Upper bounds : depends en β (depends continuously on β)

We can obtain more regularity



The dissipative semigroup :

Existence : follows from the a priori estimates

Uniqueness :

Let u1, u2 be two solutions with initial data u1,0, u2,0

Set u = u1 − u2, u0 = u1,0 − u2,0 :

∂u
∂t

+ βu + ∆2u−∆(f (u1)− f (u2)) = 0

∂u
∂ν

=
∂∆u
∂ν

= 0 on Γ

u|t=0 = u0

Equivalent formulation :

∂u
∂t

+ βu + ∆2u−∆(f (u1)− f (u2)) = 0



Multiply by (−∆)−1u :

1
2

d
dt
‖u‖2
−1 + β‖u‖2

−1 + ‖∇u‖2 + ((f (u1)− f (u2), u)) = 0

Note that

((f (u1)− f (u2), u)) ≥ −‖u‖2 − 〈u〉
∫

Ω
(f (u1)− f (u2)) dx

‖u‖2 ≤ 2(‖u‖2 + 〈u〉2) ≤ c(‖u‖−1‖∇u‖+ 〈u〉2)

≤ γ‖∇u‖2 + c(‖u‖2
−1 + 〈u〉2), ∀γ > 0

Thus :

|〈u〉
∫

Ω
(f (u1)− f (u2)) dx| ≤ c|〈u〉|

∫
Ω

(|u1|2 + |u2|2 + 1)|u| dx

≤ c(‖u‖2 + (‖u1‖4
L4(Ω) + ‖u2‖4

L4(Ω) + 1)〈u〉2)

≤ 1
4
‖∇u‖2 + c(‖u1‖4

L4(Ω) + ‖u2‖4
L4(Ω) + 1)(‖u‖2

−1 + 〈u〉2)



Thus :

d
dt
‖u‖2
−1 + ‖∇u‖2 ≤ c(‖u1‖4

L4(Ω) + ‖u2‖4
L4(Ω) + 1)(‖u‖2

−1 + 〈u〉2)

Note that d〈u〉2
dt ≤ 0 :

d
dt

(‖u‖2
−1 + 〈u〉2) + ‖∇u‖2 ≤ c(‖u1‖4

L4(Ω) + ‖u2‖4
L4(Ω) + 1)(‖u‖2

−1 + 〈u〉2)

Gronwall’s lemma :

‖u(t)‖H−1(Ω) ≤ cec′t‖u0‖H−1(Ω)

The constants are independent of β

→ Continuous dependence and uniqueness



We can define the continuous semigroups :

Sβ(t) : L2(Ω)→ L2(Ω), u0 7→ u(t), t ≥ 0, β > 0

Sβ(t) : L2(Ω)→ H1(Ω), t > 0

Set :

ΦM = {v ∈ L2(Ω), |〈v〉| ≤ M}, M ≥ 0

Sβ(t) : ΦM → ΦM, t ≥ 0

Theorem : The semigroup Sβ(t) possesses the finite-dimensional (for the
H−1(Ω)-topology) global attractor AM

β on the phase space ΦM which is
compact in L2(Ω) and bounded in H1(Ω).



Finite fractal dimensionality :

Multiply

∂u
∂t

+ βu + ∆2u−∆(f (u1)− f (u2)) = 0

by tu :

d
dt

(t‖u‖2) ≤ ‖u‖2 + ct‖∇u‖2

Thus :

‖u(t)‖2 ≤ c
1 + t

t

∫ t

0
‖u‖2

H1(Ω) ds, t > 0



Furthermore : ∫ t

0
‖∇u‖2 ds ≤ cec′t‖u0‖2

H−1(Ω)

‖u‖2 ≤ c(‖∇u‖2 + 〈u〉2)

〈u〉2 ≤ 〈u0〉2

Thus :

‖u(t)‖2 ≤ c
1 + t

t
ec′t‖u0‖2

H−1(Ω)

All constants are independent of β



Remarks :

a) The bounds on, as well as the upper bound on the fractal dimension of, AM
β

are independent of β, β ≤ β0

b) We can extend the semigroups to

Φ̃M = {v ∈ H−1(Ω), |〈v〉| ≤ M}, M ≥ 0

Note that

Sβ(t) : Φ̃M → ΦM, t > 0



Definition : A compact setM⊂ E is an exponential attractor for the
semigroup S(t) acting on the Banach space E if
(i) It has finite fractal dimension, dimFM < +∞.
(ii) It is positively invariant, S(t)M⊂M, ∀t ≥ 0.
(iii) It attracts exponentially fast the bounded subsets of E in the following
sense :

∀B ⊂ E bounded, distE(S(t)B,M) ≤ Q(‖B‖E)e−αt, t ≥ 0,

where the positive constant α and the function Q are independent of B.

Construction of robust exponential attractors



Let E and E1 be two Banach spaces such that the embedding E1 ⊂ E is
compact, X be a bounded subset of E and Lε : X → X, ε ∈ [0, ε0], ε0 > 0, be a
family of operators such that
1. For every x1, x2 ∈ X and every ε ∈ [0, ε0],

‖Lεx1 − Lεx2‖E1 ≤ c‖x1 − x2‖E,

where the constant c is independent of ε.
2. For every ε ∈ [0, ε0], every i ∈ N and every x ∈ X,

‖Li
εx− Li

0x‖E ≤ ciε,

where the constant c is independent of ε.



Then, there exists a familyMε ⊂ X, ε ∈ [0, ε0], such thatMε is an
exponential attractor for the discrete dynamical system generated by Lε, i.e.,
(i) The setMε is compact and has finite fractal dimension in E,

dimFMε ≤ c.

(ii) The setMε is positively invariant,

LεMε ⊂Mε.

(iii) The setMε attracts X exponentially fast,

distE(LiX,Mε) ≤ ce−c′i, i ∈ N, c′ > 0.



(iv) The familyMε is Hölder continuous at ε = 0,

distsym(Mε,M0) ≤ cεc′ , c′ ∈ (0, 1),

where distsym denotes the Hausdorff symmetric distance between sets defined
as

distsym(A,B) = max(distE(A,B), distE(B,A)).

Finally, all constants are independent of ε and can be computed explicitly.



Theorem : For every β ∈ [0, β0], β0 > 0 given, the semigroup Sβ(t) acting
on Φ̃M possesses an exponential attractorMM

β on Φ̃M such that

1. The setMM
β has finite fractal dimension in H−1(Ω),

dimFMM
β ≤ c.

2. The setMM
β is positively invariant by Sβ(t),

Sβ(t)MM
β ⊂MM

β , t ≥ 0.

3. The setMM
β attracts all bounded subsets of Φ̃M exponentially fast, i.e., for

every bounded subset B of Φ̃M, there exists a constant c = c(B) such that

distH−1(Ω)(Sβ(t)B,MM
β ) ≤ ce−c′t, t ≥ 0, c′ > 0.



4. The family of setsMM
β is Hölder continuous at 0,

distsym(MM
β ,MM

0 ) ≤ cβc′ , c′ ∈ (0, 1).

Furthermore, all constants are independent of β and can be computed
explicitly.

Existence of a uniform (with respect to β) bounded absorbing set
B0 ⊂ ΦM ∩ H1(Ω), i.e., ∀B ⊂ ΦM bounded, ∃t0 = t0(B) > 0 independent of
β ∈ [0, β0] such that

Sβ(t)B ⊂ B0, t ≥ t0, β ∈ [0, β0]

→ It suffices to construct the exponential attractorMM
β on B0



There exists t1 > 0 independent of β ∈ [0, β0] such that

Sβ(t)B0 ⊂ B0, t ≥ t1, β ∈ [0, β0]

Let uβ , u0 be two solutions to the problem for β > 0, β = 0 with the same
initial datum u0

Set u = uβ − u0 :

∂u
∂t

+ βu + ∆2u−∆(f (uβ)− f (u0)) = −βu0

∂u
∂ν

=
∂∆u
∂ν

= 0 on Γ

u|t=0 = 0



Recall that

d〈uβ〉
dt

+ β〈uβ〉 = 0 (β > 0)

d〈u0〉
dt

= 0

Thus :

∂u
∂t

+ βu + ∆2u−∆(f (uβ)− f (u0)) = −βu0

Multiply by (−∆)−1u :

1
2

d
dt
‖u‖2
−1 + β‖u‖2

−1 + ‖∇u‖2 + ((f (uβ)− f (u0), u))

= −β(((−∆)−
1
2 u0, (−∆)−

1
2 u))



Recall that

‖(−∆)−
1
2 u‖ ≤ c‖∇u‖

Thus :

d
dt
‖u‖2
−1 + ‖∇u‖2 ≤ cβ2‖u0‖2

−1 + 2‖u‖2 + 2〈u〉
∫

Ω
(f (uβ)− f (u0)) dx

Recall that

‖u‖2 ≤ 2(‖u‖2 + 〈u〉2) ≤ c(‖u‖−1‖∇u‖+ 〈u〉2)

≤ γ‖∇u‖2 + c(‖u‖2
−1 + 〈u〉2), ∀γ > 0

Thus :

|2〈u〉
∫

Ω
(f (uβ)− f (u0)) dx| ≤ c|〈u〉|

∫
Ω

(|uβ|2 + |u0|2 + 1)|u| dx

≤ c(‖u‖2 + (‖uβ‖4
L4(Ω) + ‖u0‖4

L4(Ω) + 1)〈u〉2)



≤ 1
2
‖∇u‖2 + c(‖uβ‖4

L4(Ω) + ‖u0‖4
L4(Ω) + 1)(‖u‖2

−1 + 〈u〉2)

Thus :

d
dt
‖u‖2
−1 ≤ cβ2‖u0‖2

−1 + c′(‖uβ‖4
L4(Ω) + ‖u0‖4

L4(Ω) + 1)(‖u‖2
−1 + 〈u〉2)

Finally :

d〈u〉2

dt
= 2〈u〉(−β〈u〉 − β〈u0〉) ≤ −2β〈u〉〈u0〉

≤ β2〈u0〉2 + 〈u〉2

Thus :

d
dt

(‖u‖2
−1 + 〈u〉2) ≤ cβ2(‖u0‖2

−1 + 〈u0〉2)

+c′(‖uβ‖4
L4(Ω) + ‖u0‖4

L4(Ω) + 1)(‖u‖2
−1 + 〈u〉2)



We have : ∫ t

0
‖uβ‖4

L4(Ω)ds ≤ cec′t

∫ t

0
‖u0‖4

L4(Ω)ds ≤ cec′t

‖u0‖H−1(Ω) ≤ c

Gronwall’s lemma :

‖u(t)‖H−1(Ω) ≤ cβec′t

The constants are independent of β

Set Lβ = Sβ(t1), take E = H−1(Ω), E1 = L2(Ω)

→ Existence of a robust family of exponential attractorsMM,d
β for the

discrete dynamical systems generated by Lβ



Set

MM
β = ∪t∈[0,t1]Sβ(t)MM,d

β

We need to prove that the mapping (t, x) 7→ Sβ(t)x is Hölder continuous on
[0, t1]× B0, uniformly with respect to β ∈ [0, β0]

Hölder (Lipschitz) continuity with respect to x : continuous dependence
estimate

Hölder continuity with respect to t :

‖Sβ(t + s)u0 − Sβ(t)u0‖H−1(Ω) ≤ |s|
1
2 (

∫ t+s

t
‖∂u
∂t
‖2

H−1(Ω)dτ)
1
2

≤ c|s|
1
2 (

∫ t+s

t
(‖u‖2

H1(Ω) + ‖f (u)‖2)dτ)
1
2



Logarithmic nonlinear terms :

Equations :

∂u
∂t

+ βu = ∆µ

µ = −∆u + f (u)

∂u
∂ν

=
∂µ

∂ν
= 0 on Γ

u|t=0 = u0

f (s) = −θcs +
θ

2
ln

1 + s
1− s

, s ∈ (−1, 1)

Recall that (c0 = θc)

f ′ ≥ −c0, c0 > 0

f (s) = f1(s)− c0s, f ′1 ≥ 0

Set F(s) =
∫ s

0 f (ξ) dξ



Approximated functions fN ∈ C1(R) :

fN(s) = f (−1 +
1
N

) + f ′(−1 +
1
N

)(s + 1− 1
N

), s < −1 +
1
N

fN(s) = f (s), |s| ≤ 1− 1
N

fN(s) = f (1− 1
N

) + f ′(1− 1
N

)(s− 1 +
1
N

), s > 1− 1
N

Recall that

f ′N ≥ −c0

For N large enough, FN(s) =
∫ s

0 fN(ξ) dξ :

−c1 ≤ FN(s) ≤ c2fN(s)s + c3, c2 > 0, c1, c2 ≥ 0, s ∈ R

fN(s)s ≥ c4|fN(s)| − c5, c4 > 0, c5 ≥ 0

ci, i = 1, · · ·, 5 : independent of N



fN(s)(s− m) ≥ cm(|fN(s)|+ FN(s))− c′m,

cm > 0, c′m ≥ 0, s ∈ R, m ∈ (−1, 1)

cm, c′m : independent of N and depend continuously on m.

Approximated problems :

∂uN

∂t
+ βuN = ∆µN

µN = −∆uN + fN(uN)

∂uN

∂ν
=
∂µN

∂ν
= 0 on Γ

uN |t=0 = u0



A priori estimates :

Crucial step : a priori estimate independent of N on fN(uN) in L2((0,T)× Ω),
T > 0

Assume that −1 < u0(x) < 1, a.e. x, and |〈u0〉| ≤ 1− δ, δ ∈ (0, 1)
δ : fixed constant

Equation for the spatial average :

d〈uN〉
dt

+ β〈uN〉 = 0

Thus :

〈uN(t)〉 = e−βt〈u0〉, t ≥ 0

|〈uN(t)〉| ≤ |〈u0〉|, t ≥ 0

|〈uN(t)〉| ≤ 1− δ, t ≥ 0



Equivalent formulation :

∂uN

∂t
+ βuN = ∆µN

µN = −∆uN + fN(uN)

Multiply the first equation by µN :

‖∇µN‖2 + ((
∂uN

∂t
, µN)) + β((uN , µN)) = 0

Second equation :

((
∂uN

∂t
, µN)) + β((uN , µN)) =

1
2

d
dt
‖uN‖2

V +
d
dt

∫
Ω

FN(uN) dx

−((
d〈uN〉

dt
, fN(uN))) + β‖uN‖2

V + β((uN , fN(uN)))

Note that

−((
d〈uN〉

dt
, fN(uN))) = β((〈uN〉, fN(uN)))



Thus :

d
dt

(‖uN‖2
V + 2

∫
Ω

FN(uN) dx)

+c(‖uN‖2
V + ‖fN(uN)‖L1(Ω) + ‖∇µN‖2) ≤ c′, c > 0

Multiply the second equation by uN :

‖uN‖2
V +c(‖fN(uN)‖L1(Ω)+

∫
Ω

FN(uN) dx) ≤ c′+((µN , uN)) = c′+((µN , uN))

≤ c′ + c′′‖uN‖V‖∇µN‖

Thus :

‖uN‖2
V + c(‖fN(uN)‖L1(Ω) +

∫
Ω

FN(uN) dx)

≤ c′ + c′′(‖∇µN‖2 + ‖uN‖2
V), c > 0



Combine the two estimates :

dEN

dt
+ c(EN + ‖fN(uN)‖L1(Ω) + ‖∇µN‖2) ≤ c′, c > 0

EN = ‖uN‖2
V + 2

∫
Ω

FN(uN) dx

Equivalent equation :

(−∆)−1∂uN

∂t
+ β(−∆)−1uN = −µN

Multiply by ∂uN
∂t :

β

2
d
dt
‖uN‖2

−1 + ‖∂uN

∂t
‖2
−1 = −((µN ,

∂uN

∂t
))



Note that

|((µN ,
∂uN

∂t
))| ≤ ‖∂uN

∂t
‖−1‖∇µN‖

≤ 1
4
‖∂uN

∂t
‖2
−1 + c‖∇µN‖2

Thus :

β
d
dt
‖uN‖2

−1 + ‖∂uN

∂t
‖2
−1 ≤ c‖∇µN‖2

Note that

µN = −∆uN + fN(uN)

Multiply by −∆uN :

‖∆uN‖2 ≤ c0‖uN‖2
V − ((µN ,∆uN))

≤ c0‖uN‖2
V +

1
2
‖∆uN‖2 + c‖∇µN‖2



Thus :

‖∆uN‖2 ≤ 2c0‖uN‖2
V + c‖∇µN‖2

Combine with the previous estimate :

dEN

dt
+ c(EN + ‖uN‖2

H2(Ω) + ‖fN(uN)‖L1(Ω) + ‖∇µN‖2) ≤ c′, c > 0

Note that

‖fN(uN)‖ ≤ c(‖uN‖H2(Ω) + ‖∇µN‖)

Thus :

dEN

dt
+ c(EN + ‖uN‖2

H2(Ω) + ‖fN(uN)‖L1(Ω) + ‖fN(uN)‖2 + ‖∇µN‖2)

≤ c′, c > 0



Finally : ∫
Ω
|fN(uN)| dx ≤ c|

∫
Ω

fN(uN)uN dx|+ c

Thus :

|〈fN(uN)〉| ≤ c‖uN‖‖fN(uN)‖+ c′

Note that

‖fN(u)‖2 ≤ c(‖fN(uN)‖2 + |〈fN(uN)〉|2)

Thus :

‖fN(uN)‖L2(Ω×(0,T))

≤ c(‖fN(uN)‖L2(Ω×(0,T)) + ‖uN‖L∞(0,T;L2(Ω))‖fN(uN)‖L2(Ω×(0,T)))

+c′, T > 0



Poincaré’s inequality :

‖fN(uN)‖2
L2(Ω×(0,T)) ≤ cEN(0) + c′T

‖uN‖2
L∞(0,T;L2(Ω)) ≤ c‖uN‖2

L∞(0,T;V) ≤ c′EN(0) + c′′T

Thus :

‖fN(uN)‖L2(Ω×(0,T)) ≤ cT,δ(‖u0‖2
H1(Ω) + 1), T > 0

Furthermore :

EN(t) ≤ e−ctEN(0) + c′, c > 0, t ≥ 0

‖uN(t)‖H1(Ω) ≤ cδe−c′t(‖u0‖H1(Ω) + 1) + c′′, c′ > 0, t ≥ 0

‖µN‖L2(0,T;H1(Ω)) ≤ cT,δ(‖u0‖2
H1(Ω) + 1), T > 0



The dissipative semigroup :

Theorem : We assume that u0 is given such that u0 ∈ H1(Ω) and
−1 < u0(x) < 1, a.e. x, with |〈u0〉| < 1. Then, the problem possesses a
unique (weak) solution such that, ∀T > 0,

u ∈ C([0,T]; H1(Ω)) ∩ L2(0,T; H2(Ω)),

∂u
∂t
∈ L2(0,T; H1(Ω)′),

µ ∈ L2(0,T; H1(Ω)).

Furthermore, −1 < u(x, t) < 1, a.e. (x, t).



Set

ΦM = {v ∈ H1(Ω) ∩ L∞(Ω), −1 < v(x) < 1, a.e. x ∈ Ω, 〈v〉 = M},

M ∈ (−1, 1)

We can define the continuous (for the H−1(Ω)-norm) semigroup

Sβ(t) : ΦM → ΦM, u0 7→ u(t), t ≥ 0

Sβ(t) is dissipative in ΦM



Regularity and separation from the pure states :

Proposition : The solution u satisfies

∂u
∂t
∈ L∞(r,+∞; H−1(Ω)) ∩ L2(r,T; H1(Ω)),

∀r < T , r > 0 and T > 0 given.

Equation :

(−∆)−1∂u
∂t

+ β(−∆)−1u = −µ

Differentiate with respect to time :

(−∆)−1 ∂

∂t
∂u
∂t

+ β(−∆)−1∂u
∂t

= −∂µ
∂t

∂µ

∂t
= −∆

∂u
∂t

+ f ′(u)
∂u
∂t



Multiply by ∂u
∂t :

1
2

d
dt
‖∂u
∂t
‖2
−1 + β‖∂u

∂t
‖2
−1 + ‖∂u

∂t
‖2

V + ((f ′(u)
∂u
∂t
,
∂u
∂t

)) = 0

Furthermore :

((f ′(u)
∂u
∂t
,
∂u
∂t

)) ≥ −c0‖
∂u
∂t
‖2 + ((f ′(u)

d〈u〉
dt

,
∂u
∂t

))

Thus :

d
dt
‖∂u
∂t
‖2
−1 + 2β‖∂u

∂t
‖2
−1 + ‖∂u

∂t
‖2

V ≤ c‖∂u
∂t
‖2
−1 − 2((f ′(u)

d〈u〉
dt

,
∂u
∂t

))



Difficulty : handle the term

((f ′(u)
d〈u〉

dt
,
∂u
∂t

)) = −βVol(Ω)〈u〉〈f ′(u)
∂u
∂t
〉

To avoid it :

((f ′(u)
∂u
∂t
,
∂u
∂t

)) = ((f ′(u)
∂u
∂t
,
∂u
∂t

))− d〈u〉
dt

((f ′(u)
∂u
∂t
, 1))

≥ −c0‖
∂u
∂t
‖2 − d〈u〉

dt
d
dt

∫
Ω

F(u) dx

= −c0‖
∂u
∂t
‖2 − d

dt
(
d〈u〉

dt

∫
Ω

F(u) dx) +
d2〈u〉

dt2

∫
Ω

F(u) dx



Set

Λ =
1
2
‖∂u
∂t
‖2
−1 −

d〈u〉
dt

∫
Ω

F(u) dx

Thus :

dΛ

dt
+ β‖∂u

∂t
‖2
−1 + ‖∂u

∂t
‖2

V ≤ c0‖
∂u
∂t
‖2 − d2〈u〉

dt2

∫
Ω

F(u) dx

and

dΛ

dt
+ β‖∂u

∂t
‖2
−1 +

1
2
‖∂u
∂t
‖2

V ≤ c(‖∂u
∂t
‖2
−1 + |d〈u〉

dt
|2)− d2〈u〉

dt2

∫
Ω

F(u) dx

Λ is bounded from below :

Λ ≥ 1
2
‖∂u
∂t
‖2
−1 − c



The last two terms in the right-hand side are bounded from above :

dΛ

dt
+ β‖∂u

∂t
‖2
−1 +

1
2
‖∂u
∂t
‖2

V ≤ c(‖∂u
∂t
‖2
−1 + 〈u0〉2 + E(0)2 + 1)

→ Uniform Gronwall’s lemma (|〈∂u
∂t 〉| = β|〈u〉| ≤ β)

Proposition : We assume that 2 ≤ p < +∞, when n = 2, and 2 ≤ p ≤ 6,
when n = 3. Then, the solution u further satisfies

‖f (u)‖L∞(r,t;Lp(Ω)) ≤ c,

‖u(t)‖W2,p(Ω) ≤ c,

∀t ≥ r, r > 0 given, where the constant c depends on the H1(Ω)-norm of u0.



Consider the elliptic equation

−∆u + f1(u) = µ+ c0u,
∂u
∂ν

= 0 on Γ

It suffices to prove that µ ∈ L∞(r, t; H1(Ω))

Note that µ ∈ L∞(r, t; H1(Ω))

Multiply

−∆u + f (u) = µ

by f (u) :

‖f (u)‖2 ≤ c(‖∇u‖2 + ‖∇µ‖2)

→ f (u) ∈ L∞(r, t; L2(Ω))

Finally : 〈µ〉 = 〈f (u)〉



Proposition : We assume that n = 1. Then there exists δ ∈ (0, 1) depending
on the H1(Ω)-norm of u0 such that

‖u(t)‖L∞(Ω) ≤ 1− δ, t ≥ r,

r > 0 given.

Proposition : We assume that n = 2. Then, the following holds for every
t ≥ r, r > 0 given, and for every p ∈ N :

‖f ′(u)‖Lp(Ω×(r,t)) ≤ c,

where the constant c depends on p.



Proposition : We assume that n = 2. Then, the weak solution u further
satisfies

∂u
∂t
∈ L∞(r,+∞; H) ∩ L2(r,T; H2(Ω)),

∀r < T , r > 0 and T > 0 given.

Theorem : We assume that n = 2. Then, there exists δ ∈ (0, 1) depending on
the H1(Ω)-norm of u0 such that

‖u(t)‖L∞(Ω) ≤ 1− δ, t ≥ r,

r > 0 given.



Remarks :

a) Strict separation property : existence of finite-dimensional attractors,
convergence to steady states

b) To avoid differentiating with respect to time : quotient differences

Useful when one cannot differentiate with respect to time (e.g. : coupling with
the incompressible Navier-Stokes equations)


