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Equation :

ou &u
= = @[ln(l — q)@ +F )]+ Mu(—1)=0, A >0

Proposed to model cells which move, proliferate and interact via diffusion and
adhesion in wound healing and tumor growth (propagation front)

2D extension : clustering of malignant brain tumor cells

u : local density of cells
q : adhesion parameter

J
q=1-exp(=p7),

J : interatomic interactions (coupling strength in the Ising model)
kg : Boltzmann’s constant

T : absolute temperature (assumed constant)

A : proliferation rate



F :local free energy

1 1 1 1
F(s) = Za(s — 5)4 + Eb(s — 5)2,
a—( < (qlci)z)%C(ql)7b:_ q_qcr3C(q1)
1-16 q4q Gor® |q - qcr|Z Ger*

ger > 0, g > g : unstable region

Note that, even in the case g < g, when the proliferation term is switched
on, the initially homogeneous state can become inhomogeneous, leading also
to phase separation and clustering

c(q) :

1
lima=0, limb= -,
q—0 q—0

1

(}13(1)0(61) =1



The cubic nonlinear term :

Equations :
Ou ’
E+A u—Af(u)+gu)=0
Oou  O0Au
— = = r
v v Oon
uli=0 = up
g(s) =s(s = 1).f(s) =5 =
Equation for the spatial average :
d{u
N 4 (g = 0



(g(w)) = (@ +2(w)u + (u)* — (u) —u)
= g((w)) + (@) + 2(u) (w) — (@)
= g((w) + (@)
Thus :
d(u)



Local in time well-posedness :

Proposition : For every uy € L*(Q2), there exists Ty = To(||uo||) > 0 and a
unique solution u such that
u € C([0,To); L*(Q),) N LY x (0,T)) N L*(0, T; H*(2)), VT < To.

Uniqueness :
Let u1, up be two solutions with initial data u; o, u2 o
Setu =uy —up, up = u10 — 0 (U =1u+ (u)):

()7 5 AT f ) () — () ()

+(=A) N g(ur) — gluz) — (g(ur) — g(ua))) = 0

) 1 {at) — gty =0
ou
azOonF

u(0) = ug



______________________________
Multiply the second equation by (u) (g(u;) = g(#; + (u;)) = g((u1)) + (@?)):

L () — () ) = (@ — @)

Note that

g((u1)) — g((u2)) = ({1 + u2) — 1){u)

(@~ ) = (0 +m))

Thus :
d{u)?

dt
—ItT<Ty:

< c(flun |+ lluall + 1)) + ¢/ (| + 1z 1) 2] )|

d(u)®

< o) (w2 + ), 0< < T

Q€ L>(0,T)



Multiply the first equation by u :

SN+ Ul () — ), @) + (glar) — &), (~) ') =0

We have (H?(Q) C L>(Q)) :
|((g(u1) = gu2), (=A) @) = [(((ur + wz)u, (=A)~"@)) + [[a]]24|

< (oo (s2) + lluall oo o) el | (= 2) | + [l
< cllnllz ey + lluzll ) lull? + la®

< (r)([lall* + (u)*)

Q € L*0,7)



Furthermore (f' > —1):

((f(u1) = f(u2),m)) = ((F(wr) — f(u2),u)) — Vol(){f (ur) — f(u2))(u)

= ((F(ur) = fuz),u)) — Vol() {ui — 13) (u) + Vol (€2) (u)?
> —|lu]* = Vol(92) (u} — u3) (u)
Holder’s inequality :

68— )| = | /Q (1 4wy + 1B )u d

< C(||”1||%4(Q) + H”ﬂ@(g))”“”
< 0(0)]ul
Q € L*0,T)



Thus :

d
EIZy + [zl < o (la® + (1)),

Interpolation inequality ||z||? < ||z||—1||%]|v :

d
EHEHEI <o) (ll%y + (w)?), 0< 1< T
Qe LY(0,7)

Finally :

L2+ w?) < o) (a2 + W), 0< 1< T
Q< L(0,T)

— Continuous dependence with respect to the initial data with respect to the
H~'(Q)-norm, uniqueness



Blow up in finite time :

Spatially homogeneous solutions (u(x,#) = y(z)) : Riccati ODE

Y +32 =y =0, 50) =y
Solution (yg # 0) as long as it exists :

1

(55— De " +1

y(t) =

— yo < 0 : blow up in finite time
Of course, yg < 0 is not biologically relevant

We can be more precise



Integrate over {2 :

d
dt/gudx—i—/gg(u)dx—o

2s < s+ 1:
/ g(u)dx > / udx — Vol(Q)
Q Q
Thus :
d(u)
—r <1
L)

Gronwall’s lemma :



(u) is bounded from above : (1) < 1if (up) € [0, 1], as long as it exists

Next :
d
du) < (u)
1
Gronwall’s lemma :
(u(1)) < €' (uo)

— If (up) <0, then (u(t)) <0,1>0

Furthermore : if (1) < 0, then |(u(z))| grows at least exponentially fast, as
long as it exists

Remark : We have a similar result if there exists 7y > 0 such that (u(z#p)) < 0



— Either («) is nonnegative (and is uniformly bounded) or (u) tends to —oco
as time goes to +0o at least exponentially fast

In the second case : («) (and u) blows up in finite time

u = u — (u) satisfies :

O A A+ () + &+ (1)) — (gl + (1)) = 0
ou O0Au
5 — 5 =0onl

it]i=0 = to = uo — (uo)
Multiply by (—A)~'a:

%%HEHZ—I +1[@lly + ((F@+ () — f((u)), 7))

+((g(+ (u)) — g({u)), (=A) ")) =0



We have :

((F(@ + () =f((w)), w) = /Q(ﬁ4 + 30 (u) + 30 (u)?)

2/(44u w—s/m ()| dx — |l
Q

> ¢o / (@ + 7 (u)?) dx — ||, co > 0
Q

(8@ + (u)) — g((w), (—=2)"m))| = |((@ + 2(u) — w0, (~A)~

3
< S0 [ @+ dx+ el + ¢
Q

dx — [l



Thus :
2 5¢o 4 | 2/ \2 < cl7l12 ’
||u|| s+ = 2 Q(M +u(u)”) dx < cllul|” + ¢
d
SR+ o [ @+ a0 s <
Furthermore :

d
a2y +clal2, < e>0

Gronwall’s lemma :

@) ||> < e “ao)*, +¢, c>0,1>0



Let B be a bounded subset of V" and 7y be such that %y € B and ¢ > t, imply
u(t) € By, where By = {¢ € V, |l¢]|*, <2}

Furthermore :

+

/ 1% ds < ¢(r) / ds/ﬁ“ + )2 dx < o(r)
t
t+r t+r

/ @[3 ds < c(r), / ds/(a“ + @ (u)?) dx < c(r)
t t Q

Multiply by u (f' > —1) :

SN+ 1A + (ol () — g({u), 0) < [l



|
We have :
WAM+W»—8«W%WN§K¥M3+hﬂwmdﬁﬂww
< c(/Q(ﬁA' + P ()?) dx + |[a]7 + 1)
Thus :
Sl 1871P < of [ @ + 002 d + [l + 1)
Uniform Gronwall’s lemma :

[Z(D)* <, t>0+r
la(r)|1* < Q(llwoll), >0



Assume that (u(7T)) < 0, for some T > 0

Equation for the spatial average :
— We have the ODE
y = (u) and ¢ = — (%)

Riccati ODEy +y> —y=0:

y([):)m—l+l’t2T




Theorem : If (u(7T)) < 0, for some 7 > 0 (and, in particular, if (up) < 0),
then the solution blows up in finite time. Furthermore, the blow up time 7+
satisfies

(w(m) —1
(u(m)

Tt <T+1n

||%|| : uniformly bounded
Set z = (u) — y (y : solution to the Riccati ODE y’ + y? — y = 0 such that
y(T) = () :
2+ gl(u) — gly) = — (@)
2(T)=0



Multiply by zt = max(z,0) (z* > 0) :

%%‘zﬂz +(g(w) — gzt = —(@%t <0

Furthermore (zF =0ifz < 0):

Thus :



Gronwall’s lemma (z " (7) = 0) :
1ZF(1))* < e_zfrt(<u>+y—1)dS|Z+(T)|2 —0
— 77 =0,s0thatz < 0:
(u(t) <y(), 1=T
as long as it exists

Corollary : Let u be a solution. Then, either u blows up in finite time or it
exists globally in time and 0 < (u(#)) < 1,Vr > 0.

Corollary : Let u be a global in time solution. Then, u is dissipative in L>(2).



Natural question : does u remain in the biologically relevant interval if the
same holds for uq ?

Answer : no (cf. the original Cahn-Hilliard equation)

Numerical simulations show that («) (and u) can blow up even if (ug) is
positive for f(s) = (s — 1)> — (s — 1)

— One has to be careful when employing this model in biology

We will see that logarithmic nonlinear terms prevent the blow up



FIGURE — Blow up, ug € [0, 1] and (up) = 0.069; u — (u) tends to 0.



Theorem : Let u be a nonvanishing solution such that u(z) € [0, 1], V¢ > 0.
Then, u(t) tends to 1 in H'(Q) as t — +oo.

Remark :

Wound healing : the wound heals completely

Tumor growth : the tumor spreads completely

Idea of the proof :

The w-limit set of any nonvanishing ug is nonempty and compact in H'(£2)
If & belongs to this set, necessarily, (&) = 1 and & = 1

u(t) tends to 1 in H*(Q)



Logarithmic nonlinear terms :
We make the rescaling u — 2u — 1, mapping [0, 1] onto [—1, 1]

—g(s) = A(s?—1)

Equations :
Ou )
5 T AU Af(u) + () =0
Oou  O0Au
_— = = F
ov v Oon
uli—o0 = up

f : logarithmic, g(s) = s> — 1

> —co, co =6,



Write F(s) = %(1 — %) + Fi(s) and set f; = F|
Approximated functions F y € C*(R) :

(4) (4) 1 1

4 4 1
AMQZFP@Jﬂgl—N

@@y oL
Fia() = V(=14 3, s < 14

FO.0)=F90), k=0,1,2, 3



4
1 1 1
Fia(s) =Y A 1= =1+ )k s> 1-
k=0
1
Fin(s) = Fi(s), |s] <1_N
Sy 1 1
k
FlN(s):Ziﬂ)(—1+N)(s+1—ﬁ)k,s§—1+ﬁ

fin =0, fy > —co
Fy > —c1,¢c1 20
In(s)s > c2(Fn(s) + |[fn(s)]) —¢3, 2 >0,¢3>0, se R

(fv(s +a) — fv(a))s > ca(s* +a*s*) —¢s5, ¢4 >0, ¢5 >0, 5, a € R



More generally :

In(s)(s —m) = com(Fn(s) + [fn(s)]) — c7m
com>0,¢7,>0,seR, me (—1,1)

Young’s inequality :

|g(s +a) — g(a)| < cg(s* + |as])
8(s + a) — g(a)]* < co(s* + a’s”)
s,a€eR

Approximated problems :

15)

7;\, + Aluy — Afy(uy) + gluy) =0
8uN . 8AMN .
- o o oonk

Uy|=0 = uo



A priori estimates :
Main aims :

Uniform (with respect to N) estimate on fy (uy) in some L?(2 x (0, T)),
T > 0 independent of N

Uniform (with respect to N) strict separation property of (uy) from the
singular points —1 and 1

Assume that ug € H'(Q) N L>(Q), |up(x)| < 1, a.e. x € €, and

)] <125, 5 (0, 5] given

Integrate over {2 :




|
Set :

Uy = <uN> + uy, <ﬁN> =0
Thus :

d{uy)

St () = 1 i+ 2uy)iiy) = 0

and ((iy) = 0)

d{uy)

dr + g((un)) = —(uy)

uy is solution to

i
% + A%ty — Afw(uy) + gluy) — (g(uy)) = 0, uy = (uy) + iy
8ﬁN o aAﬁN .
- o OonI’

iy =0 = vo(= uo — (uo))



Equivalent formulation :

ou _
(—8)71 5 = Ay + () + (=2) " glun) = 0
%LZV =0onl
TN |=0 = Vo
Multiply by uy :
1 d _ 2 — 2 7 N — —1—=
Sl 2+l + () 7)) + (8l (=2) ")) = 0

Note that

((n(un),un)) = ((fv(un) — fv((un)), an))

((fv(un),un)) > cq /Q(ﬁfv + (uN>2ﬁ12V)dx —c




Furthermore :

|(gu), (=)' aw)| = [((g(un) — g((un)), (—A)'an))]

< cllawllllg(un) — g({un))ll

Thus :
— - C4 _ _
|((g(un), (=) "aw))| < 4/9(ﬁ7‘v + (un) %) dx + cl|ay|®
C4 —4 2-2
< /(uN—I— (un)“uy) dx + ¢
2 Ja
Finally :

d, _ _ _
Zlavl2 + e(llanllz g + /Q(ﬁ?v + (uy)’uy) dx) < ¢, ¢ >0



Multiply by — Az :

uy||* + [| Ay > + ((fv(un), —Aliy)) + ((g(un), ) = 0

Furthermore :

((fv(un), —Auy)) = ((fv(un), —Auy)) = ((fy (un) Vi, Viiy))

> —collally
(&l ))| = 1((aLaw) — s({an)). )
< SlAm P+ [ (a+ G dx

Thus :

d, _ _ _ _
| + A7y < (o, + /Q (it + (un) %) )



Combine the two estimates :

d, _ _
S a2y + i)

pemvlogy + [ @+ i) @) < >0
Q
Note that (g(s) > 2s — 2)

d{uy)
dt

+ 2<MN> < 2
Thus :

(un (1)) < ((uo) — D)e™ +1
as long as it exists

— (un(t)) < 1 as long as it exists



Furthermore (g(s) > —2s — 2):

as long as it exists

Thus :

as long as it exists
Fort > 0:

(v (1)) < ((u(to)) + 1)) — 1, 1> 19,
as long as it exists

— If (u(tp)) < —1, then (uy(t)) goes to —oo, at least exponentially fast



We can again have blow up in finite time
Note that

d, . _ _ _
S a2+ mllav]?) + a2y + y vl ) < ¢ e >0

Thus :

lan (D)]* < ce"|[vol* + ¢, ¢ >0
as long as it exists

— (@3 (1)) < c(uo, 6)(= c|[vo||* + ) as long as it exists



Consider the Riccati ODE’s

Y+ ge) =0, y4(0) = (uo)
yo +8(y-) = —c(uo,6), y—(0) = (uo)

Comparison principle (as long as this makes sense) :

y—(1) < (un(1)) <y+(2)

(Consider the equations satisfied by z = (u) —y; andz_ = y_ — (u)
multiplied by z} and z7)

— Local in time solution on some [0, 7|, T > 0 is independent of N



Note that

2

(ug)—1 o
= Gt

— If (up) < —1 (similar situation if, for zp € (0, 7T), (uy(to)) < —1), then
(un) blows up in finite time

y4(t) =

— Blow up in finite time : the blow up time T, belongs to [7_ ,, T ,], where
T_ , and T, , are the blow up times for y_ and y (independent of N)

We can choose T > 0 (independent of N ; T = T (u, d)) such that

[un()| <1—=146, 1€ [0,T]



Take ¢t € [0, T
Multiply
()7 5 Ay il + (~2) " glan) = 0
by uy :
1d

3 P+l + (Gt ) < ¢ [ @+ (i) e

Q

Thus :
d,_
=+ sl ()l @) + QFN(MN) dx)

< c’/(ﬁ?\, + (uy)?ay) dx + ¢, cs > 0
Q



Combine the estimates :

dE]yN
dt

bes(Bu -+ v oy + [ @+ () d
Q

A (un) [l ) + / Fy(uy)dx) < cf, cs >0
Q
Evn = (1+v)|al®, +llmv|?.
Note that (|{uy)| < 1)

d(uy)?
dt

= 2(un) (= (@y) — (un)? + 1) < cllan|* +4
Thus :

d(uy)*
dt

+ (uy)? < cllay|* +5



Combine the estimates :
dE, _
TN s+ oy + [ G+ ()
Q

v (n) ||y + /QFN(MN)dX) <cf, c5>0

Exn = E1y + 73 (un)?

cllun|* < Ean < lluy]P?, ¢, ¢ > 0.

Multiply
Ay I G T 4 (—A) el =
(—=4A) B Ay + fv(un) + (—=A) g(uy) =0
by%
auN 2 2 auN
|| || +EEHVMNH ((fv(un), o —))

(0~ 1, (-8)71 ) =



Note that

((vlaw), %)) = (), 229) — (), 2000

_ 4 / Fav(ux) dx + ((f (), @) + (uy)? — 1)

8MN

j/FN uy) dx + Vol () (fy (un)) (@) + (un)2 — 1)

/ (1) dx — cfiv(un) |1y ([T 2 + 1), ¢ > 0

T = 1 — ), () Z)
e [+ o)) d
Q

(i =1, (=A)~

1H3”NH2
2



|
Thus :

d on,
VP42 [ Py )+ | GHE

< e(|lfiv (el ey (lan|1* + 1) + /Q(UN + (un) ity dx)

Multiply by fy(un) :

lauN

) I* = (A () + (=A) 7 =5 f(uaw)
H(((=2) " g(un). f(un))) = 0

Note that

((Auy, fv(un))) = ((Aun, fy(un)))
= —((fy(un)Vun, Vuy)) > —col| Vuyl®



Thus :

on
I < el + [ @+ 7 de + [ G )

Finally :

[{fiv ()| < csllanll i Cun) | + ¢
— Uniform (with respect to N) estimate on fy (uy) in L*(€2 x (0, T))



Existence of solutions :

Theorem : We assume that ug € H'(€2), |{uo)| < 1 and

—1 <up(x) <1, a.e. x € Q. Then, there exists T = T(up) > 0 and a solution
uon [0, T] such that u € C([0, T); H'(2),,) NL*(0, T; H*(Q)) N L* (2 x (0, T))
and 9* € L*(0, T; H~'(2)). Furthermore, —1 < u(x,7) < 1, a.e.

(x,1) € Q x (0,7).

Theorem : The solution u is global in time.

Uniqueness, further regularity : open problems



[0,T,), T, > 0: maximal interval of existence

lu(x,1)] < 1, ae. (x,1) € [0,Ty)

(u) satisfies

d(u) 2
—r —1)=0
5 T =1
Note that
dff+2< Y= —(u® —2u—1)
Thus :



Note that
[(? —2u—1)] <2
Thus :
[{u(0)] < e |(uo)| +1—e ", 1€[0,T)
Finally :

[{u()] <1, 1€[0,T,)

— (u) (and u) cannot blow up in finite time (if 7, < +o0, then
[{u(0))| <1—10,0 =0(up, Ty) € (0,1))

— The solution is global



Further comments :
a) Reaction-diffusion equation :

u
ot

Also useful for biological applications

Au—+gu)=0

Blow up in finite time

up € L>°(Q2) : consider the ODE’s

Y +8(v+) =0, y+(0) =y
y—0 Zug(x) <yio

Comparison principle :

y—(1) < ux,1) <y, (1)
— Global (in time) existence of a biologically relevant solution when
up € 10, 1]



b) Other function g in tumor growth :

A
8(s) = S (14 5) = A1 +5)°(1 = 5)°, Mg, Ag >0,
Ad» Ag @ death and growth coefficients
Numerical simulations : no blow up if ug € [0, 1]

Source term :

g=gl(x t,s) = %(1 +5) — A (1 + )2 (1 — )% — h(x, 1)



FIGURE — Tumor growth, g(s) = 46(s + 1) — 280(s — 1)(s + 1)2.



c¢) Cahn-Hilliard model in tumor growth :

i Ap— (Po—A)h(u) =0

p=—Au+f(u)

88: — Ao + Coh(u) +B(os —0) =0

u : tumor phase concentration

o : concentration of a nutrient for the tumor cells (oxygen, glucose)

1 - chemical potential of the "phase transition" from healthy to tumor cells
P, A, B, C : positive constants, o; € (0, 1)

P : proliferation rate

A : apoptosis rate

C : nutrient consumption rate

B : nutrient supply rate

Poh(u) : models the proliferation of tumor cells which is proportional to the
concentration of the nutrient



Ah(u) : describes the apoptosis of tumor cells

Coh(u) models the consumption of the nutrient by the tumor cells.

0y : nutrient concentration in a pre-existing vasculature

B(og — o) : models the supply of nutrient from the blood vessels if oy > o,
transport of nutrient away from the domain Q if o5 < &

Possible choice for 1 : h(s) = (s + 1)

Well-posedness, asymptotic behavior (A. Miranville-E. Rocca-G.
Schimperna)

Cahn-Hilliard systems are also relevant : describe the different phases of a
tumor (proliferative, quiescent, necrotic cells)



