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THE PARTITION FUNCTION

p(n)
A partition of n is a nonnincreasing sequence of positive integers
whose sum is n.
n = 1

1

n = 2
2, 1 + 1

n = 3
3, 2 + 1, 1 + 1 + 1

n = 4

4, 3 + 1, 2 + 2, 2 + 1 + 1, 1 + 1 + 1 + 1

n = 5

5, 4+1, 3+2, 3+1+1, 2+2+1, 2+1+1+1, 1+1+1+1+1
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THE PARTITION FUNCTION

n p(n) = the number of partitions of n
1 1
2 2
3 3
4 5
...
10 42
...
100 190569292
...
1000 24061467864032622473692149727991
...
10000 36167251325636293988820471890953695495016030339315650

422081868605887952568754066420592310556052906916435144
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THE PARTITION FUNCTION

▶ HARDY - RAMANUJAN (1918)

p(n) ∼ 1

4n
√
3
e
π
√

2n
3 (Hardy-Ramanujan 1918)

▶ EULER:

∞∑
n=0

p(n)qn = 1 + q + 2q2 + 3q3 + 5q4 + · · ·

=
∞∏
n=1

1

1− qn

=
1

1− q − q2 + q5 + q7 − q12 − q15 + · · ·
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THE PARTITION FUNCTION

MACMAHON’S TABLE
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

RAMANUJAN’S PARTITION CONGRUENCES

(1) p(4), p(9), p(14), p(19), · · · ≡ 0 (mod 5),
(2) p(5), p(12), p(19), p(26), · · · ≡ 0 (mod 7),
(3) p(6), p(17), p(28), p(39), · · · ≡ 0 (mod 11),
(4) p(24), p(49), p(74), p(99), · · · ≡ 0 (mod 25),
(5) p(19), p(54), p(89), p(124), · · · ≡ 0 (mod 35),
(6) p(47), p(96), p(145), p(194), · · · ≡ 0 (mod 49),
(7) p(39), p(94), p(149), · · · ≡ 0 (mod 55),
(8) p(61), p(138), · · · ≡ 0 (mod 77),
(9) p(116), · · · ≡ 0 (mod 121),

(10) p(99), · · · ≡ 0 (mod 125).
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

From these data I conjectured the truth of the following theorem:
if δ = 5a7b11c and 24λ ≡ 1 (mod δ) then

p(λ), p(λ+ δ), p(λ+ 2δ), · · · ≡ 0 (mod δ).

This theorem is supported by all the available evidence; but I have
not yet been able to find a general proof.

CORRECTION (Chowla)
”7b” should be ”7⌊b/2⌋+1

WATSON
”5a” and ”7⌊b/2⌋+1

ATKIN
”11c”
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

RAMANUJAN’S SIMPLE PROOFS

p(5n + 4) ≡ 0 (mod 5)

p(7n + 5) ≡ 0 (mod 7)

EULER
∞∏
n=1

(1− qn) = 1− q − q2 + q5 + q7 + · · ·

= 1 +
∞∑
n=1

(−1)nqn(3n−1)/2(1 + qn)

=
∞∑

n=−∞
(−1)nqn(3n−1)/2
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

JACOBI

∞∏
n=1

(1− qn)3 = 1− 3q + 5q3 − 7q6 + · · ·

=
∞∑
n=0

(−1)n(2n + 1)qn(n+1)/2
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

∞∑
n=0

p(n)qn =
∞∏
n=1

1

(1− qn)

=

∏∞
n=1(1− qn)4∏∞
n=1(1− qn)5

≡
∏∞

n=1(1− qn)
∏∞

n=1(1− qn)3∏∞
n=1(1− q5n)

(mod 5)
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

∞∑
n=0

p(n)qn

≡
∞∑

n=−∞
(−1)nqn(3n−1)/2

∞∑
m=0

(−1)m(2m + 1)qm(m+1)/2

×
∞∑
k=0

p(k)q5k (mod 5)

≡
∞∑

n=−∞

∞∑
m=0

∞∑
k=0

(−1)n+mp(k)(2m + 1)qn(3n−1)/2+m(m+1)/2+5k (mod 5).
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

n(3n − 1)/2 +m(m + 1)/2 + 5k ≡ 4 (mod 5)

⇔ 3n2 − n +m2 +m ≡ 3 (mod 5)

⇔ 3(n − 1)2 + (m − 2)2 ≡ 0 (mod 5)

⇔ n ≡ 1 (mod 5) and m ≡ 2 (mod 5)

p(5n + 4) ≡ 0 (mod 5)

since (2m + 1) ≡ 0 (mod 5) when m ≡ 2 (mod 5).
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

Ramanujan’s proof of

p(7n + 5) ≡ 0 (mod 7)

is similar and uses

∞∏
n=1

(1−qn)6 =
∞∑
n=0

∞∑
m=0

(−1)n+m(2n+1)(2m+1)qn(n+1)/2+m(m+1)/2
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

p(11n + 6) ≡ 0 (mod 11)

EISENSTEIN SERIES

P = 1− 24
∞∑
n=1

nqn

1− qn
, Q = 1 + 240

∞∑
n=1

n3qn

1− qn
,

R = 1− 504
∞∑
n=1

n5qn

1− qn

q
dP

dq
=

1

12
(P2−Q), q

dQ

dq
=

1

3
(PQ−R), q

dR

dq
=

1

2
(PR −Q2)

17 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

p(11n + 6) ≡ 0 (mod 11)

EISENSTEIN SERIES

P = 1− 24
∞∑
n=1

nqn

1− qn
, Q = 1 + 240

∞∑
n=1

n3qn

1− qn
,

R = 1− 504
∞∑
n=1

n5qn

1− qn

q
dP

dq
=

1

12
(P2−Q), q

dQ

dq
=

1

3
(PQ−R), q

dR

dq
=

1

2
(PR −Q2)

17 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

p(11n + 6) ≡ 0 (mod 11)

EISENSTEIN SERIES

P = 1− 24
∞∑
n=1

nqn

1− qn
, Q = 1 + 240

∞∑
n=1

n3qn

1− qn
,

R = 1− 504
∞∑
n=1

n5qn

1− qn

q
dP

dq
=

1

12
(P2−Q), q

dQ

dq
=

1

3
(PQ−R), q

dR

dq
=

1

2
(PR −Q2)

17 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

Q3 − R2 = 1728 q
∞∏
n=1

(1− qn)24 := 1728
∞∑
n=1

τ(n)qn

E2k = 1− 4k

B2k

∞∑
n=1

n2k−1qn

1− qn
= 1− 4k

B2k

∞∑
n=1

σ2k−1(n)q
n

where

σ2k−1(n) =
∑
d |n

d2k−1, Bk is the k-th Bernoulli number

NOTE: E2k is a modular form of weight 2k (for k > 1)

18 / 49
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

THETA OPERATOR

Θ := q
d

dq

so that
Θj
(∑

a(n)qn
)
=
∑

nja(n)qn

19 / 49
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

RAMANUJAN

Θj (E2k) =
∑

2ℓ+4m+6m=2k+2j

αℓ,m,nP
ℓQmRn

Quasi-modular form of weight 2ℓ+ 4m + 6n = 2k + 2j
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

SOME
CALCULATIONS

E10 = 1− 264
∞∑
n=1

σ9(n)q
n ≡ 1 (mod 11)

E10 = E4E6 = QR, and QR − 1 ≡ 0 (mod 11)

E12 = 1 +
65520

691

∞∑
n=1

σ11(n)q
n

≡ 1 + 9
∞∑
n=1

σ1(n)q
n (mod 11) ≡ P (mod 11)

21 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

SOME
CALCULATIONS

E10 = 1− 264
∞∑
n=1

σ9(n)q
n ≡ 1 (mod 11)

E10 = E4E6 = QR, and QR − 1 ≡ 0 (mod 11)

E12 = 1 +
65520

691

∞∑
n=1

σ11(n)q
n

≡ 1 + 9
∞∑
n=1

σ1(n)q
n (mod 11) ≡ P (mod 11)

21 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

SOME
CALCULATIONS

E10 = 1− 264
∞∑
n=1

σ9(n)q
n ≡ 1 (mod 11)

E10 = E4E6 = QR, and QR − 1 ≡ 0 (mod 11)

E12 = 1 +
65520

691

∞∑
n=1

σ11(n)q
n

≡ 1 + 9
∞∑
n=1

σ1(n)q
n (mod 11) ≡ P (mod 11)

21 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

E12 =
1

691

(
250R2 + 441Q3

)
≡ 5Q3 + 7R2 (mod 11)

so that
Q3 − 3R2 + 2P ≡ 0 (mod 11)

22 / 49
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

SOME EISTENSTEIN
CONGRUENCES

QR − 1 ≡ 0 and Q3 − 3R2 + 2P ≡ 0 (mod 11)

23 / 49
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

A LITTLE MAPLE

> with(Groebner):

> RELS11 := [Q∧3 - 3*R∧2 + 2*P, Q*R - 1]:

> GB := Basis(RELS11, tdeg(P,Q,R),

characteristic=11):

> NormalForm( (Q∧3 - R∧2)∧5, GB, tdeg(P,Q,R),

characteristic=11);

P5 + 8P3Q + 7P2R + 6

24 / 49
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

(Q3−R2)5 ≡ q5
∞∏
n=1

(1−qn)120 ≡ P5+8P3Q+7P2R+6QR (mod 11)

a quasi-modular form of weight 10

q5
∞∏
n=1

(1− qn)120

≡
∞∑
n=1

(
10n4σ1(n) + 3n3σ3(n) + 3n2σ5(n) + 6nσ7(n)

)
qn (mod 11).

25 / 49
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(Q3−R2)5 ≡ q5
∞∏
n=1

(1−qn)120 ≡ P5+8P3Q+7P2R+6QR (mod 11)

a quasi-modular form of weight 10

q5
∞∏
n=1

(1− qn)120

≡
∞∑
n=1

(
10n4σ1(n) + 3n3σ3(n) + 3n2σ5(n) + 6nσ7(n)

)
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THE PARTITION FUNCTION

RAMANUJAN’S PARTITION CONGRUENCES

∞∑
n=0

p(n)qn+5 = q5
∞∏
n=1

1

(1− qn)
= q5

∞∏
n=1

(1− qn)120

(1− qn)121

≡

( ∞∑
n=1

(
10n4σ1(n) + 3n3σ3(n) + 3n2σ5(n) + 6nσ7(n)

)
qn

) ∞∑
k=0

p(k)q121k (mod 11)

Picking out the coeff of q11m we have

p(11m − 5) ≡ 0 (mod 11).
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DYSON’S RANK

DYSON’s RANK CONJECTURE

DYSON’S RANK CONJECTURE (1944, 1947)
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DYSON’S RANK

DYSON’s RANK CONJECTURE

Notation

(a)n = (a; q)n = (1− a)(1− aq)(1− aq2) · · · (1− aqn−1)

(a)∞ = (a; q)∞ =
∞∏
n=1

(1− aqn−1)
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DYSON’S RANK

DYSON’s RANK CONJECTURE

The Dyson rank of a partition is the largest part minus the number
of parts.
Example

Partition Rank Rank mod 5
4 4− 1 = 3 3
3 + 1 3− 2 = 1 1
2 + 2 2− 2 = 0 0
2 + 1 + 1 2− 3 = −1 4
1 + 1 + 1 + 1 1− 4 = −3 2

Let N(m, n) denote the number of partitions of n with rank m.
Then

R(z , q) =
∑
n≥0

∑
m

N(m, n)zmqn

= 1 +
∑
k≥1

qk
2

(zq; q)k(z−1q; q)k
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DYSON’S RANK

DYSON’s RANK CONJECTURE

Let N(r , t, n) denote the number of partitions of n with rank ≡ r
(mod t).
Example

N(0, 5, 4) = N(1, 5, 4) = N(2, 5, 4) = N(3, 5, 4) = N(4, 5, 4) = 1

Dyson’s Rank Conjectures (1944)

N(0, 5, 5n + 4) = N(1, 5, 5n + 4) = · · · = N(4, 5, 5n + 4) =
1

5
p(5n + 4)

N(0, 7, 7n + 5) = N(1, 7, 7n + 5) = · · · = N(6, 7, 7n + 5) =
1

7
p(7n + 5)

Atkin and Swinnerton-Dyer (1953)
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DYSON’s RANK CONJECTURE

Let ζp = exp(2πi/p). Then

R(ζp, q) =
∑
n≥0

∑
m

N(m, n)ζmp qn

=
∑
n≥0

(
p−1∑
k=0

N(k , p, n)ζkp

)
qn.

DRC .1 ⇐⇒ Coeff of q5n+4 in R(ζ5, q) = 0

DRC .2 ⇐⇒ Coeff of q7n+5 in R(ζ7, q) = 0
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DYSON’S RANK

DYSON’s RANK CONJECTURE

GEORGE ANDREWS
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DYSON’S RANK

A PAGE FROM THE LOST NOTEBOOK
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DYSON’S RANK

A PAGE FROM THE LOST NOTEBOOK

R(ζ5, q) = A(q5) + (3− ζ25 − ζ35 )ϕ(q
5)

+ qB(q5)

+ q2(ζ5 + ζ45 )C (q5)

+ q3
(
(1 + ζ25 + ζ35 )D(q5) + (1 + 2ζ25 + 2ζ35 )

ψ(q5)

q5

)
where

A(q) =
1− q − q3 + q9 + · · ·

(1− q)2(1− q4)2(1− q6)2 · · ·

ϕ(q) = −1 +
1

1− q
+

q5

(1− q)(1− q4)(1− q6)
+ · · ·

RLN.1 ⇐⇒ ASD.Thm
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DYSON’S RANK

A PAGE FROM THE LOST NOTEBOOK

q

1− q
+

q3

(1− q2)(1− q3)
+

q5

(1− q3)(1− q4)(1− q5)
+ · · ·

= 3ϕ(q) + 1− A(q)

∞∑
n=0

4∑
r=0

N(r , 5, 5n)ζr5q
n

=
∞∑
n=0

(
(N(0, 5, 5n)− N(1, 5, 5n) + (ζ25 + ζ35 )(N(2, 5, 5n)− N(1, 5, 5n)

)
qn

= A(q)− (3 + ζ25 + ζ35 )ϕ(q).
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DYSON’S RANK

A PAGE FROM THE LOST NOTEBOOK

−3ϕ(q) + A(q) =
∞∑
n=0

((N(0, 5, 5n)− N(1, 5, 5n)) qn

ϕ(q) =
∞∑
n=0

((N(1, 5, 5n)− N(2, 5, 5n)) qn

FIFTH ORDER MOCK THETA CONJECTURE

χ0(q)− 2 =
∞∑
n=0

((N(1, 5, 5n)− N(0, 5, 5n)) qn
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DYSON’S CRANK CONJECTURE

> with(qseries):

> with(modforms):

> series(modp(sift(P,q,5,1,50),5),q,6);

1 + q + q2 + q3 + 2q4 + q5 + 0(q6)

> series(modp(sift(P,q,7,1,50),7),q,8);

1 + q + q2 + q3 + q4 + q5 + 2q6 + q7 + O(q8)

> series(modp(sift(P,q,11,1,130),11),q,14);

1 + q2 + q3 + q4 + q6 + q8 + q9 + q10 + q11 + O(q12)

> series(modp(sift(P,q,13,1,130),13),q,12);

1+5q+7q2+2q3+4q4+4q5+10q6+8q7+11q8+4q9+O(q10) 40 / 49
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DYSON’S CRANK CONJECTURE

∞∑
n=0

p(5n + 1)qn ≡ 1 + q + q2 + q3 + 2q4 + q5 + · · · (mod 5)

∞∑
n=0

p(7n + 1)qn ≡ 1 + q + q2 + q3 + q4 + q5 + · · · (mod 7)

∞∑
n=0

p(11n + 1)qn ≡ 1 + q2 + q3 + q4 + q6 + · · · (mod 11)

p(5n + 1) ≡ N(0, 5, 5n + 1)− N(1, 5, 5n + 1) (mod 5)

p(7n + 1) ≡ N(0, 5, 7n + 1)− N(3, 7, 7n + 1) (mod 7)
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DYSON’S CRANK CONJECTURE

I hold in fact:
That there exists an arithmetical coefficient similar to, but
more recondite than, the rank of a partition; I shall call
this hypothetical coefficient the “crank” of the partition,
and denote by M(m, q, n) the number of partitions of n
whose crank is congruent to m modulo q;
that M(m, q, n) = M(q −m, q, n);
that

M(0, 11, 11n + 6) = M(1, 11, 11n + 6) = M(2, 11, 11n + 6)

= M(3, 11, 11n + 6) = M(4, 11, 11n + 6);

that numerous other relations exist analogous to (12)–
(19), and in particular

M(1, 11, 11n + 1) = M(2, 11, 11n + 1)

= M(3, 11, 11n + 1) = M(4, 11, 11n + 1);
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DYSON’S CRANK CONJECTURE

that M(m, 11, n) has a generating function not completely
different in form from (24);
that the values of the differences such as M(0, 11, n) −
M(4, 11, n) are always extremely small compared with
p(n).
Whether these guesses are warranted by the evidence, I
leave to the reader to decide. Whatever the final verdict
of posterity may be, I believe the “crank” is unique among
arithmetical functions in having been named before it was
discovered. May it be preserved from the ignominious fate
of the planet Vulcan!
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DYSON’S CRANK CONJECTURE

THE ANDREWS-G. CRANK

For a partition π let ℓ(π) denote the largest part of π, ω(π) denote
the number of ones in π, and µ(π) denote the number of parts of
π larger than ω(π). Then the crank, c(π) is given by

c(π) =

{
ℓ(π), if ω(π) = 0,

µ(π)− ω(π), if ω(π) > 0,

For example, the partition 6 + 5 + 4 + 4 + 2 has crank = 6 (the
largest part since there are no ones). For the partition
6 + 5 + 3 + 2 + 2 + 2 + 1 + 1 + 1 + 1, ω = 4, and µ = 2 so that
the crank = 2− 4 = −2.

44 / 49



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

DYSON’S CRANK CONJECTURE

Theorem
The residue of the crank mod 11 divides the partitions of 11n + 6
into 11 equal classes. Also, analogous results hold mod 5, mod 7
for the partitions of 5n + 4 and 7n + 5 respectively.
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DYSON’S CRANK CONJECTURE

We illustrate with an example.

Partitions of 6 Crank (mod 11)

6 6 ≡ 6

5 + 1 1− 1 ≡ 0

4 + 2 4 ≡ 4

4 + 1 + 1 1− 2 ≡ 10

3 + 3 3 ≡ 3

3 + 2 + 1 2− 1 ≡ 1

3 + 1 + 1 + 1 0− 3 ≡ 8

2 + 2 + 2 2 ≡ 2

2 + 2 + 1 + 1 0− 2 ≡ 9

2 + 1 + 1 + 1 + 1 0− 4 ≡ 7

1 + 1 + 1 + 1 + 1 + 1 0− 6 ≡ 5

We see that the crank mod 11 divides the partitions of 6 into 11
equal classes — one partition in each class.
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DYSON’S CRANK CONJECTURE

WHERE DID THE CRANK COME FROM?
Define

C (z , q) =
∞∏
n=1

(1− qn)

(1− zqn)(1− z−1qn)

RAMANUJAN

Then

C (ζ5, q) = A(q5)

− q(2 + ζ25 + ζ35 )B(q
5)

+ q2(ζ25 + ζ35 )C (q5)

+ q3(1 + ζ25 + ζ35 )D(q5)
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DYSON’S CRANK CONJECTURE

Coeff of q5n+4 in C (ζ5, q) = 0

Coeff of q7n+5 in C (ζ7, q) = 0

Coeff of q11n+6 in C (ζ11, q) = 0
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DYSON’S CRANK CONJECTURE

The CRANK was found by interpreting the generating function
C (z , q) in terms of partitions.
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