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LECTURE 8
ZAGIER’S HIGHER ORDER MOCK THETA FUNCTIONS

(Includes notes of Jonathan Bradley-Thrush)
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THE MOCK THETA CONJECTURES

THE MOCK THETA CONJECTURES

RAMANUJAN, ANDREWS and G. (1989)

THE FIRST MOCK THETA CONJECTURE

N(1, 5, 5n) = N(0, 5, 5n) + ρ0(n),

where ρ0(n) is the number of partitions of n with unique smallest
part and other parts ≤ double the smallest part.

EXAMPLE N(1, 5, 25) = 393, N(0, 5, 25) = 390, ρ0(5) = 3 since
the relevant partitions are 5, 3 + 2, 2 + 2 + 1.

4 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE MOCK THETA CONJECTURES

THE MOCK THETA CONJECTURES

RAMANUJAN, ANDREWS and G. (1989)

THE FIRST MOCK THETA CONJECTURE

N(1, 5, 5n) = N(0, 5, 5n) + ρ0(n),

where ρ0(n) is the number of partitions of n with unique smallest
part and other parts ≤ double the smallest part.

EXAMPLE N(1, 5, 25) = 393, N(0, 5, 25) = 390, ρ0(5) = 3 since
the relevant partitions are 5, 3 + 2, 2 + 2 + 1.

4 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE MOCK THETA CONJECTURES

THE SECOND MOCK THETA CONJECTURE

2N(2, 5, 5n + 3) = N(1, 5, 5n + 3) + N(0, 5, 5n + 3) + ρ1(n),

where ρ1(n) is the number of partitions of n with unique smallest
part and other parts ≤ one plus double the smallest part.

∞∑
n=1

ρ(n)qn =
q

1− q2
+

q2

(1− q3)(1− q4)
+ · · ·

=
∞∑
n=1

qn

(qn+1; q)n

5 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE MOCK THETA CONJECTURES

THE SECOND MOCK THETA CONJECTURE

2N(2, 5, 5n + 3) = N(1, 5, 5n + 3) + N(0, 5, 5n + 3) + ρ1(n),

where ρ1(n) is the number of partitions of n with unique smallest
part and other parts ≤ one plus double the smallest part.

∞∑
n=1

ρ(n)qn =
q

1− q2
+

q2

(1− q3)(1− q4)
+ · · ·

=
∞∑
n=1

qn

(qn+1; q)n

5 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

THE MOCK THETA CONJECTURES

These identities and conjectures are related to a page from
Ramanujan’s Lost Notebook. We find that

∞∑
n=1

ρ(n)qn =
∞∑
n=1

qn

(qn+1; q)n
=

∞∑
n=0

q2n+1

(qn+1; q)n+1

= 3Φ(q) + 1− A(q),

where the functions Φ(q), A(q) occur in Ramanujan’s 5-dissection
of R(ζ5, q).

In the Lost Notebook Ramanujan gives conjectured identities for
all 10 of the mock theta functions of order 5. This set of 10
conjectures can be reduced to the two Mock Theta Conjectures
using identities from Ramanujan’s Last Letter and some Lambert
series identities.
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THE MOCK THETA CONJECTURES

THE FIRST CLUE = ANDREWS FIFTH ORDER
HECKE-ROGERS IDENTITY

f0(q) =
∑
n=0

qn
2

(−q; q)n

=
1

(q)∞

∞∑
n=0

n∑
j=−n

(−1)jqn(5n+1)/2−j2(1− q4n+2).

HICKERSON’s (1988) incredible proof
HICKERSON’S SECOND PAPER

The seventh order functions and
the connection with the rank mod 7
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THE MOCK THETA CONJECTURES

SEVENTH ORDER MOCK THETA FUNCTIONS

SEVENTH ORDER FUNCTIONS

F0(q) =
∞∑
n=0

qn
2

(qn+1; q)n

= 1 + q + q3 + q4 + q5 + 2q7 + q8 + 2q9 + · · · ,

F1(q) =
∞∑
n=0

qn
2

(qn; q)n

= q + q2 + q3 + 2q4 + q5 + 2q6 + 2q7 + 2q8 + 3q9 + · · · ,

F2(q) =
∞∑
n=0

qn
2+n

(qn+1; q)n+1

= 1 + q + 2q2 + q3 + 2q4 + 2q5 + 3q6 + 2q7 + 3q8 + 3q9 + · · · .
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THE MOCK THETA CONJECTURES

SEVENTH ORDER MOCK THETA FUNCTIONS
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THE MOCK THETA CONJECTURES

SEVENTH ORDER MOCK THETA “CONJECTURES”

SEVENTH ORDER MOCK THETA “CONJECTURES”

F0(q)− 2 = 2 q g(q, q7)− j(q3, q7)2

(q; q)∞

F1(q) = 2 q2 g(q2, q7) + q
j(q, q7)2

(q; q)∞

F2(q) = 2 q2 g(q3, q7) +
j(q2, q7)2

(q; q)∞

where

z g(z , q) = −1 +
∞∑
n=0

qn
2

(z ; q)n+1(z−1q; q)n
= −1 +

1

(1− z)
R(z , q),

j(z , q) = (z ; q)∞(z−1q; q)∞(q; q)∞

HICKERSON (1988)
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THE MOCK THETA CONJECTURES

RANK MOD 7

FIRST 7TH MOCK THETA CONJECTURE REPHRASED
Let N(r , t, n) denote the number of partitions of n with rank
congruent to r mod t. Let γ0(n) denote the number of partitions
of n where the number of smallest parts equals the size of the
smallest part and all other parts ≤ the double of the smallest part.
Then

N(0, 7, 7n) = N(2, 7, 7n) + γ0(n)

EXAMPLE
N(0, 7, 49) = 24791, N(2, 7, 49) = 24789, and γ0(7) = 2 with the
relevant partitions being 2 + 2 + 2 + 1, 3 + 2 + 2.
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ZWEGERS

Alternative proofs of the Seventh Order Mock Theta Conjectures
have been given by ANDERSEN (2016) using Zweger’s results, the
theory of harmonic Maass forms and some results from LECTURE
6. The following theorem of Zwegers was crucial:

Theorem (ZWEGERS (2002))

Define

M7(τ) =

 q−1/168F0(q)

−q−25/168F1(q)

q47/168F2(q)

 , R7(τ) =

R7,1(τ)
R7,2(τ)
R7,3(τ)
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ZWEGERS

where

Rp,j(τ) =
∑

n≡j (mod p)

(
12

n

)
sgn(n)β(

n2y

6p
)q−n2/(24p),

β(x) =

∫ ∞

x
u−1/2e−πu du, q = exp(2πiτ), τ = x + iy

The function
M̂7(τ) = M7(τ) + R7(τ)

satisfies

M̂7(τ + 1) =

ζ−1
168 0 0

0 ζ−25
168 0

0 0 ζ−121
168

 M̂7(τ),
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ZWEGERS

and

M̂7(−1/τ) =
√

τ/7i

 2 sin π
7 −2 sin 2π

7 2 sin 3π
7

−2 sin 2π
7 −2 sin 3π

7 −2 sin π
7

2 sin 3π
7 −2 sin π

7 −2 sin 2π
7

 M̂7(τ)

NOTE: This reformulation of Zweger’s result is due to Zagier.
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ZWEGERS

Zagier also stated an analog of M̂7(τ) for the fifth order functions
χ0(q), χ1(q).

15 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

ZWEGERS

Theorem (ZAGIER (2007))

Define

M5(τ) = −2

3

(
q−1/120(2− χ0(q))

q71/120χ1(q)

)
, R5(τ) =

(
R5,1(τ)
R5,2(τ)

)
where

Rp,j(τ) =
∑

n≡j (mod p)

(
12

n

)
sgn(n)β(

n2y

6p
)q−n2/(24p),

β(x) =

∫ ∞

x
u−1/2e−πu du,

q = exp(2πiτ), τ = x + iy
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ZWEGERS

The function
M̂5(τ) = M5(τ) + R5(τ)

satisfies

M̂5(τ + 1) =

(
ζ−1
120 0

0 ζ−49
120

)
M̂5(τ),

and

M̂5(−1/τ) =
√
τ/5i

(
−2 sin π

5 2 sin 2π
5

2 sin 2π
5 2 sin π

5

)
M̂5(τ)
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ZWEGERS
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ZWEGERS

EXAMPLE The first component gives

F0(q) =
1

(q)3∞

∞∑
m=1

⌊9m/2⌋∑
n=−⌊9m/2⌋

n≡1 (mod 7)

(
−4

m

)(
12

n

)(
msgn(n)− 3n

14

)

× qm
2/8−n2/168−5/42
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ZAGIER’S 11TH ORDER MOCK THETA FUNCTIONS

ZAGIER indicated there should be analogs of these two theorem
for all primes p > 3.
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ZAGIER’S 11TH ORDER MOCK THETA FUNCTIONS

AN 11TH ORDER MOCK THETA CONJECTURE

Conjecture (AN 11TH ORDER MOCK THETA
CONJECTURE)

Define µ11,1 and ϕ11,2(n) by

∞∑
n=0

µ11,1(n)q
n =

1

(q)3∞

∑
2|n|/11<m

n≡1 (mod 11)

(
−4

m

)(
12

n

)(
m sgn(n)− n

6

)

× q
1
8
m2− 1

264
n2−4/33

and
∞∑
n=0

ϕ11,2(n)q
n =

∞∑
n=0

q11n
2

(q2; q11)n+1(q9; q11)n
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ZAGIER’S 11TH ORDER MOCK THETA FUNCTIONS

AN 11TH ORDER MOCK THETA CONJECTURE

Then

µ11,1(n) =
1

12
(11N(0, 11, 11n)− p(11n)− 2ϕ11,2(n))

EXAMPLE 11N(0, 11, 22) = 1034, p(22) = 1002, 2ϕ11,2(0) = 2,
and µ11,1(2) =

5
2 .

∞∑
n=0

µ11,1(n)q
n =

5

6
+
5

6
q+

5

2
q2+10q3+

125

6
q4+

313

6
q5+

310

3
q6+· · ·
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HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

HIGHER ORDER MOCK THETA FUNCTIONS AND
HOLOMORPHIC PROJECTION

We explain how Zagier’s higher order mock theta functions are
constructed using holomorphic projection. In LECTURE 6 we
defined the harmonic Maass forms G1, G2 related to the Dyson
rank function R(ζp, q).

For p ≥ 5 prime and 1 ≤ a ≤ 1
2(p − 1) define

G1

(
a

p
; z

)
= csc

(
aπ

p

)
q−

1
24 R(ζap , q) +

i√
3

∫ i∞

−z

Θ1

(
a
p ; τ
)

√
−i(τ + z)

dτ,

G2

(
a

p
; z

)
= 2Φp,a(z/p)

− i

3p

∫ i∞

−z

Θ1(0,−a, p; τ)√
−i(τ + z)

dτ,
23 / 53
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HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

where

Θ1(0,−a, p; pz) = (−1)a
(
12

p

) √
3

2

∞∑
j=−∞

j≡6a (mod p)

(
12

j

)
j qj

2/(24p)

Φp,a(z)

= q
1
2p
a(p−3a)− p

24


∞∑
n=0

qpn
2

(qa; qp)n+1(qp−a; qp)n
, if 0 < 6a < p,

−1 +
∞∑
n=0

qpn
2

(qa; qp)n+1(qp−a; qp)n
, if p < 6a < 3p

24 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

Theorem (G. (2016-2019))

The functions G1

(
a
p ; z
)
and G2

(
a
p ; p

2z
)
are harmonic Maass

forms of weight 1/2 on Γ0(p
2) ∩ Γ1(p).

Proposition

Let p > 3 be prime. Then

Θ1

(
d

p
; z

)
= (−1)d

2√
3
χ12(p)

1
2
(p−1)∑
a=1

(−1)a sin

(
6adπ

p

)
×Θ1(0,−a, p; p2z).
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Proposition

Let p > 3 be prime. Then

G1

(
a

p
;
z

p

)
= H1(a, p, z)−

(
12

p

) 1
2 (p−1)∑
k=1

(−1)a+k sin

(
6akπ

p

)
× G2

(
a

p
; pz

)
for some holomorphic function H1(a, p, z).
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Proposition

Let p > 3 be prime. Then

π
(2)

hol

(
η3(τ)G−

2

(
a

p
; pz

))
=

(−1)a√
3p

(
12

p

) ∞∑
m=1

∞∑
n=−∞

3mp2−n2>0

n≡6a (mod p)

(
−4

m

)(
12

2

)(√
3p m sgn(n)− n

)

× qm
2/8−n2/(24p)
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Proof

η3(τ) =
∞∑

m=1

m

(
−4

m

)
exp

(
2πim2τ

8

)
and

G−
2

(
a

p
; pz

)
= − i

3
√
p

∫ i∞

−z

Θ1(0,−a, p; pτ)√
−i(τ + z)

dτ

= −(−1)ai

2
√
3p

(
12

p

) ∞∑
n=−∞

n

(
12

n

)∫ i∞

−z

exp
(
2πin2τ
24p

)
√
−i(τ + z)

dτ

Let a = 1/8, b = 1/(24p) in LECTURE 7 result.

28 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

Proof

η3(τ) =
∞∑

m=1

m

(
−4

m

)
exp

(
2πim2τ

8

)
and

G−
2

(
a

p
; pz

)
= − i

3
√
p

∫ i∞

−z

Θ1(0,−a, p; pτ)√
−i(τ + z)

dτ

= −(−1)ai

2
√
3p

(
12

p

) ∞∑
n=−∞

n

(
12

n

)∫ i∞

−z

exp
(
2πin2τ
24p

)
√
−i(τ + z)

dτ

Let a = 1/8, b = 1/(24p) in LECTURE 7 result.

28 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

Proof

η3(τ) =
∞∑

m=1

m

(
−4

m

)
exp

(
2πim2τ

8

)
and

G−
2

(
a

p
; pz

)
= − i

3
√
p

∫ i∞

−z

Θ1(0,−a, p; pτ)√
−i(τ + z)

dτ

= −(−1)ai

2
√
3p

(
12

p

) ∞∑
n=−∞

n

(
12

n

)∫ i∞

−z

exp
(
2πin2τ
24p

)
√
−i(τ + z)

dτ

Let a = 1/8, b = 1/(24p) in LECTURE 7 result.

28 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

29 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

30 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

31 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

It seems that

π
(2)

hol

(
η3(τ)G−

2

(
1

5
; 5z

))
= η3(τ)3

(
q−1/120 2

3
(χ0(q)− 2)

)
where

χ0(q) =
∞∑
n=0

qn

(qn+1; q)n
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Corollary

Let p > 3 be prime and let 1 ≤ a ≤ 1
2(p − 1). Then

Mp,a(τ)

=
1

η3(τ)

(−1)a√
3p

(
12

p

) ∞∑
m=1

∞∑
n=−∞

3mp2−n2>0

n≡6a (mod p)

(
−4

m

)(
12

2

)(√
3p m sgn(n)− n

)

× qm
2/8−n2/(24p)

is a mock modular form (holomorphic part of a harmonic Maass
form of weight 1/2)
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We know that

G2

(
a

p
;
−1

z

)
=

√
−iz G1

(
a

p
; z

)
so that

G2

(
a

p
; p

−1

z

)
=
√

−iz/p G1

(
a

p
;
z

p

)

DEFINE

M̂∗
p,a(τ) = η3(τ)G2

(
a

p
; pτ

)
− π

(2)

hol

(
η3(τ)G2

(
a

p
; pτ

))

THEN M̂∗
p,a(τ) transforms like a modular form of weight 2.
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(
η3(z)G2

(
a

p
; pz

)) ∣∣∣∣
(2)

S = − 1
√
p
η3(z)G1

(
a

p
;
z

p

)

=
1
√
p

(
12

p

)
η3(z)

1
2 (p−1)∑
k=1

(−1)a+k2 sin

(
6akπ

p

)
G2

(
k

p
; pz

)
+ H(a, p, z)

where H(a, p, z) is some holomorphic function of z .
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Now we ASSUME that holomorphic projection and stroke operator
commute in this case. That is

π
(2)

hol

(
F (z)

∣∣∣∣
(2)

S

)
=
(
π
(2)

hol (F (z))
) ∣∣∣∣

(2)

S

for

F (z) = η3(z)G2

(
a

p
; pz

)
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Therefore

M̂∗
p,a(τ)

∣∣∣∣
(2)

S =

(
η3(τ)G2

(
a

p
; pτ

)) ∣∣∣∣
(2)

S

− π
(2)

hol

((
η3(τ)G2

(
a

p
; pτ

)) ∣∣∣∣
(2)

S

)
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Therefore

M̂∗
p,a(τ)

∣∣∣∣
(2)

S

=
1
√
p

(
12

p

) 1
2 (p−1)∑
k=1

(−1)a+k2 sin

(
6akπ

p

)(
η3(τ)G2

(
k

p
; pτ

))
+ H(a, p, τ)

− 1
√
p

(
12

p

) 1
2 (p−1)∑
k=1

(−1)a+k2 sin

(
6akπ

p

)
π
(2)

hol

(
η3(τ)G2

(
k

p
; pτ

))
− H(a, p, τ)

(since H(a, p, τ) is holomorphic)
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=
1
√
p

(
12

p

) 1
2 (p−1)∑
k=1

(−1)a+k2 sin

(
6akπ

p

)
{
η3(τ)G2

(
k

p
; pτ

)
− π

(2)

hol

(
η3(τ)G2

(
k

p
; pτ

))}

=
1
√
p

(
12

p

) 1
2 (p−1)∑
k=1

(−1)a+k2 sin

(
6akπ

p

)
M̂∗

p,k(τ)

40 / 53



NSF/CBMS Research Conference Ramanujan’s Ranks, Mock Theta Functions, and Beyond May 16-20, 2022 The University of Texas Rio Grande Valley

HIGHER ORDER MOCK THETA FUNCTIONS AND HOLOMORPHIC PROJECTION

DEFINE

M̂p,a(τ) =
1

η3(τ)
M̂∗

p,a(τ).

THEN

M̂∗
p,a

(
−1

τ

)

=
√

−iτ/p

(
12

p

) 1
2 (p−1)∑
k=1

(−1)a+k2 sin

(
6akπ

p

)
M̂p,k(τ)
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Theorem
Let p > 3 be prime, and let

M̂p(τ) =
(
M̂p,a(τ)

)T
1≤a≤1

2 (p−1)
.

THEN

M̂p

(
−1

τ

)
=
√

−iτ/p

(
12

p

) (
(−1)a+k2 sin

(
6akπ

p

))
1≤k≤1

2 (p−1)

1≤a≤1
2 (p−1)

M̂p(τ)
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where each M̂p,a(τ) is a harmonic Maass form of weight 1/2 with
shadow proportional to

∞∑
n=−∞

n≡6a (mod p)

n

(
12

n

)
qn

2/(24p)
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HECKE-ROGERS SERIES OF WEIGHT 2
Using the method of LECTURE 7 we can rewrite the mock
modular form Mp,a(τ) as a Hecke-Rogers type series (JONATHAN
BRADLEY-THRUSH)

Theorem (JONATHAN BRADLEY-THRUSH)

Mp,a(τ)

=
1

η3(τ)
(−1)a

(
12

p

)
∞∑

m=1

⌊12βpmα+1 ⌋∑
n=−⌊12βpmα+1 ⌋

n≡6a (mod p)

(
−4

m

)(
12

n

)(
m sgn(n)− n

12βp
(α+ εp)

)

× qm
2/8−n2/(24p)
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where (x , y) = (α, β) is the fundamental solution to

x2 − 48py2 = 1,

and

εp =

(
−4

α

)(
12

α

){
1 if α ≡ 1 (mod p)

−1 if α ≡ −1 (mod p)
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HECKE-ROGERS SERIES OF WEIGHT 2

We note that the functions M̂p,a(τ) and G2

(
a
p ; pτ

)
have the same

non-holomorphic part. It follows that

G2

(
a

p
; pτ

)
− M̂p,a(τ)

= G+
2

(
a

p
; pτ

)
+Mp,a(τ)

= Mp,a(τ) + 2Φp,a(τ)

is a weakly holomorphic modular form.

This means that there are
analogs of the Mock Theta Conjectures to all primes p > 3.

Theorem
Let p > 3 be prime and let 1 ≤ a ≤ 1

2(p − 1). Then

Mp,a(τ) + 2Φp,a(τ)

is a weakly holomorphic modular form.
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EXAMPLES
(1) p = 5, a = 1 The fundamental solution to

x2 − 48 · 5 · y2 = 1

is (x , y) = (α, β) = (31, 2), ε5 = 1,
12βp

α+ 1
=

15

4

M5,1(τ)

=
1

η3(τ)

∞∑
m=1

⌊15m4 ⌋∑
n=−⌊15m4 ⌋

n≡1 (mod 5)

(
−4

m

)(
12

n

)(
m sgn(n)− 4n

15

)
qm

2/8−n2/120
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HECKE-ROGERS SERIES OF WEIGHT 2

M5,1(τ) + 2Φ5,1(τ)

is a weakly holomorphic modular form of weight 1/2. It turns out
that

M5,1(τ) + 2Φ5,1(τ) =
2

3
η(5τ)

η5,2(τ)

η25,1(τ)
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EQUIVALENTLY

1

(q)3∞

∞∑
m=1

⌊15m4 ⌋∑
n=−⌊15m4 ⌋

n≡1 (mod 5)

(
−4

m

)(
12

n

)(
m sgn(n)− 4n

15

)
qm

2/8−n2/120−7/60

= −2

(
−1 +

∞∑
n=1

5n2

(q; q5)n+1(q4, q5)n

)
+

2

3

(q2; q5)∞(q3; q5)∞(q5; q5)∞
(q; q5)2∞(q4; q5)2∞

=
2

3
(−3Φ(q) + A(q))

=
2

3
(2− χ0(q))
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EXAMPLE
(2) p = 11, a = 1

M11,1(τ)

=
−1

η3(τ)

∞∑
m=1

⌊11m2 ⌋∑
n=−⌊11m2 ⌋

n≡6 (mod 11)

(
−4

m

)(
12

n

)(
m sgn(n)− n

6

)
qm

2/8−n2/264

THEN
M11,1(τ) + 2Φ11,1(τ)

is a weakly holomorphic modular form of weight 1/2.
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We find that

M11,1(τ) + 2Φ11,1(τ)

=
1

6

η4(11τ)

η3(τ)

(
11η11,3(τ) η11,4(τ)

3

η11,1(τ) η11,2(τ)
− 5η11,1(τ) η11,4(τ)

2

η11,5(τ)

− 5η11,2(τ) η11,3(τ)
2

η11,5(τ)
− 17η11,4(τ) η11,5(τ)

−5η11,1(τ)
2 η11,3(τ)

η11,5(τ)
− 16η11,2(τ)

2

)
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